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A B S T R A C T

In the current study, we demonstrate an automated optimization method based on the Levenberg–Marquardt
algorithm for electron-optical systems, incorporating an adaptive merit function switching process that enhances
minimization convergence. The algorithm is successfully applied to three energy spectrometer designs—a radial
mirror analyzer, a parallel radial mirror analyzer, and a parallel magnetic sector analyzer—by ﬁrst implementing
practical modiﬁcations to the device geometries. We then optimize the key design parameters to yield good
focusing optics. The robustness of the method towards starting conﬁguration is also demonstrated. The procedure can greatly enhance eﬃciency in the design process of electron-optical systems.

1. Introduction
Electron-optical systems typically employ arrays of electrodes and
magnets, in combination with limiting shielded apertures to control
particle trajectories and achieve focus [1–3]. Such mechanics are ubiquitous across spectroscopy and imaging instruments [4–6], such as
electron microscopes [7–9], energy-loss spectroscopy [10] and associated analyzer equipment [11,12], mass and ion spectrometers
[13–15], spectroscopic nano-scale imaging [16], and by extension,
particle accelerators in high-energy physics [17–19]. Optimizing the
design of these systems for enhanced performance is hence of great
interest to a wide range of disciplines.
The large degree of freedom inherent in such designs, encompassing
both device geometry and electrode or magnet excitation strength, and
the nonlinear ﬁeld behaviour in response to these quantities, typically
means that system optimization is non-trivial. A small change in a design parameter may lead to a good result in one part of the electronoptical system but an undesired eﬀect in another, leading to an overall
degradation in instrument performance. Versatile computational optimization schemes are hence required. Computer-aided design of electron-optical components with numerical ﬁeld solutions and direct
charged-particle tracing have been proposed in existing literature
[20–23], reﬂecting a shift from the traditional approach of approximating known analytical ﬁelds [24,25] to iterative simulation-based
ones.
In the current study, we present an automated optimization method
based on the Levenberg–Marquardt algorithm [26–30], suitable for
application on electron-optical instruments. Our key contribution is a
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novel adaptive merit function switching procedure supplementing the
Levenberg–Marquardt algorithm, yielding enhanced convergence performance in comparison to the typical approach of using a single static
merit function. Intriguingly, this may be seen as a manifestation of the
Parrondo eﬀect [31–37], albeit in constrained optimization rather than
game theory [38,39]. In general, the algorithm can be coupled to any
charged-particle tracing simulation software, such as Lorentz 2/3-EM or
COMSOL Multiphysics, via linking Application Programming Interfaces
(APIs) or user interface manipulation libraries, thereby yielding an
autonomous optimization suite executable without human intervention. The proposed optimization method is especially applicable to
parallel energy analyzers, which are of particular utility to next-generation nanoscale elemental analyses especially in the semiconductor
industry [40], but are typically of signiﬁcant design complexity; there
have also been recent studies suggesting the segmentation of electrodes
in analyzer instruments to improve performance, in which our optimization algorithm may be of great use [41,42].
As a way of illustration, we couple our software package to the
COMSOL Multiphysics simulation software, which lacks an integrated
optimization module suited for electron-optical systems. The software
package is implemented in Java for general applicability. We adopt the
general design speciﬁcations of the radial mirror analyzer [43], parallel
radial mirror analyzer [24,44], and parallel magnetic sector analyzer
[25,45] as a form of initial design, on which we apply the proposed
automated optimization—thereby illustrating the robustness of the
method towards instrument type and initial conﬁguration. In these instruments, practical modiﬁcations to their geometries are made; the
algorithm is shown to improve the relative energy resolution of these
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Levenberg–Marquardt algorithm [26–28] accomplishes this by deﬁning
a new merit function with a damping factor λ, as follows:

instruments despite the modiﬁcations. It is known that numerical ray
tracing methods are by themselves insuﬃcient for the successful design
of parallel energy spectrometers; they need to be used in conjunction
with some form of optimization technique. This is because simultaneous adjustment of many voltages/excitations (≥5) in order to optimize performance over a large number of output channels (≥10) is
manually too cumbersome, and in practice, gives little indication on
how much further the analyzer design can be optimized. In this paper,
we illustrate how automated optimization can replace manual tuning in
spectrometer design.

φ = ϕ + λ|δ|2

(4)

The construction of φ is such that it shares the same minima as ϕ,
since δ = 0 at a minimum; furthermore, it is proportional to the square
of the magnitude of δ, such that the size of δ will be minimized along
with ϕ. In this way the change vector is prevented from growing too
large, thereby resolving the convergence issues faced by the
Gauss–Newton algorithm.
As with before, we ﬁnd the expression for the gradient vector of φ
and set it to zero, in order to determine the change vector.

2. Optimization algorithm

m

In this section, we review the generalized theoretical basis for the
Levenberg–Marquardt method (Section 2.2), which can be considered
as an improvement over the Gauss–Newton algorithm (Section 2.1).
The method is applied to electron-optical systems, with an adaptive
merit function switching strategy and dynamic damping factor selection
(Section 2.3). A preconditioning procedure is also adopted (Section
2.4).

Suppose a general system consists of m dependent variables yi and n
independent variables xi. The target values for the dependent variables
are denoted ŷi . Optimizing this system requires tuning the parameters x,
such that the dependent quantities y approach their target values ŷ ; the
diﬀerences between the dependent quantities and the target values,
ϵi = yi − yˆi ≡ fi (x1, x2 , …, x n − 1, x n ) , are known as the errors. We can thus
represent the system as a vector function f, where ϵ = f(x).
We seek to minimize the sum of the squared errors, also known as
the merit function:
m

∑ ϵi2.
i=1

(6)

1
∴ δ = − (JT J + λ I)−1G0
2

(7)

2.3. Damping factor & merit function switching
In spectrometer design, the parameters x may encompass both
geometric dimensions and the excitation strength of the focusing
magnets or electrode potentials. Correspondingly, the dependent variables y to be optimized may typically be the relative energy resolution
E (v ) across the energy bandwidth of the instrument. The energy resolution  (v ) may be given by

(2)

where Δxj is a small change in xj. We take Δxj = κxj, with κ being a small
constant (∼10−2).
m
Since ∂ϕ/ ∂x i = 2 ∑i = 1 (ϵi ·∂ϵi / ∂x j ) , it may be deduced that G = 2JTϵ.
Furthermore, ϕ will be minimal when G = 0. Let us denote the appropriate change to be made to x as δ. The system may be assumed to
be approximately linear when δ is small, such that we have
ϵ ≈ ϵ0 + Jδ, and therefore G ≈ 2JT (ε0 + Jδ ) = G0 + 2JT Jδ , where x0,
ϵ0 and G0 are the initial parameter vector, error vector and gradient
vector respectively. Setting G to zero, we obtain

1
δ = − (JT J)−1G0 .
2

∴ ∇φ = 2(JT ε + λδ )
= 2(JT (ε0 + Jδ ) + λδ ) = 0

(1)

Let us deﬁne the gradient vector G where Gi = ∂ϕ/∂xi, and J, the
Jacobian matrix of f(x), where Jij = ∂ϵi/∂xj. As f(x) is not known a priori
in general, J is determined numerically at each point using the approximation

f (x1, …, x j + Δx j, …, x n ) − fi (x1, …, x j, …, x n )
∂ϵi
≈ i
,
Δx j
∂x j

(5)

It is clear that the damping factor λ controls the magnitude of δ. In
electron-optical systems, δ may represent the change to be made to the
electrode potentials or magnet excitation values, in order to improve
focusing qualities. When λ is small, the JTJ term dominates, and we
recover the Gauss–Newton algorithm. On the other hand, if λ ≫ JTJ, we
obtain the asymptotic δ ≈ -G0/2λ. This is in fact the change vector that
would have been computed using the method of gradient descent, with
a step size of 1/2λ. The Levenberg–Marquardt algorithm can thus be
seen as interpolating between the Gauss–Newton algorithm and the
method of gradient descent, depending upon the choice of damping
factor. This makes the Levenberg–Marquardt algorithm more robust
than the Gauss–Newton algorithm, at the same time providing faster
convergence than gradient descent.

2.1. Gauss–Newton algorithm

ϕ=

∂ϕ
∂φ
∂ϵ
∂
⎛
⎞
+
λ|δ|2 = 2 ⎜∑ i ϵi + λδj ⎟
=
∂
∂x j
∂x j
x
∂x j
j
⎝ i=1
⎠

 (v ) =

∂z (v ) ⎞−1
1
Z (v ) ⎛
2
⎝ ∂v ⎠

(8)

where v is the energy, Z (v ) is the trace-width, and z (v ) is the detector
incident position [48]. The relative energy resolution is then
E (v ) =  (v )/ v , typically given in percentage (%). Intuitively, we may
set y = E with yˆ = 0 to minimize E (v ) . However, it can also be observed that E (v ) may be reduced by minimizing the trace-width Z (v ) ;
moreover, the trace-width may be reduced by minimizing the distance
Q (v ) between the optimal focus at each energy and the detector plane
(Fig. 1). In this sense, Z and Q may be considered auxiliary variables to
be minimized along with E.
Solution stagnation is a common problem in gradient-based
methods; this is further exacerbated by the presence of noise in numerical solutions, and the potential insensitivity of ﬁeld solvers and
particle tracers towards small changes in system parameters. To overcome this, we adopt an adaptive merit function switching procedure, in
which y is cyclically shifted between E, Z and Q whenever stagnation is
detected. Stagnation detection may be achieved by comparing the
current objective metric M to the previous value M−, with the condition
M > mM− for some convergence constant m reﬂecting stagnation. As
the primary goal is to minimize E (v ) , we may take M = E (v ) , the
average of E (v ) across the energy bandwidth of the instrument.

(3)

This result is the change vector used when applying the
Gauss–Newton algorithm [46,47]. Such a method works well when the
system is close to a local minimum, such that δ is indeed small and the
linear approximation holds.
2.2. Levenberg–Marquardt algorithm
However, ϕ in reality is almost always nonlinear, and thus the
Gauss–Newton algorithm is not guaranteed to converge. When far away
from the minimum, δ can become very large, and furthermore not be
directed towards the minimum, resulting in large jumps away from the
minimum. To prevent this, the size of δ must be limited. The
32
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damping factor if the current selection does not yield an appreciable
decrease in the objective metric M ≤ mM−. This selection procedure is
illustrated in Fig. 2, with a ﬂowchart of the complete algorithm presented in Fig. 3. Included within the ﬂowchart is a preconditioning
procedure, which is detailed in Section 2.4.
2.4. Central pass angle preconditioning
As the Levenberg–Marquardt algorithm only searches for local
minima, there is a possibility that the solution may not represent the
global minimum. While the merit function switching strategy (Section
2.3) relieves this to an extent, a further improvement can be made by
isolating highly nonlinear parameters for preconditioning, before
launching the Levenberg–Marquardt algorithm. Typically such parameters include the central pass angle θ entering the electron-optical
component, wherein a small change might produce drastically diﬀerent
focusing properties near the detector plane.
The preconditioning process begins with a linear search in the isolated parameter space. In particular, a series of trials are run with
θ ∈ [θ−, θ+] with step size θs, the latter tunable to match potential
simulation time constraints. The best isolated parameter combination is
then selected as the starting conﬁguration for the optimization procedure. This preconditioning may be repeated every η rounds, or can alternatively be set to be run only once to reduce computation time. Such
a preconditioning process ensures that the range of possible paths in
parameter space has been comprehensively checked.

Fig. 1. Schematic of a small region near the detector plane. Trajectories of
electrons are shown as black lines. Z is the trace-width, z is the mean incident
position on the detector plane, and Q is the distance between the optimal focus
and the detector plane.

Fig. 2. An example of the oscillatory selection of damping factors λ, with
starting value λ0 = 103. The algorithm expands its selection if simulation trials
do not yield improvements, until the arbitrarily speciﬁed minimum and maximum limits of λ = 10−10 and λ = 1010 are reached.

2.5. Software implementation details
The proposed algorithm is implemented in Java for general applicability, and is coupled to COMSOL Multiphysics via the COMSOL API for
Java. The construction of the model is done in the Java program, with
commands made to COMSOL for the running of the simulation.
Simulation data is then extracted for processing, and the next iteration
begins. Pre-constructed CAD models or COMSOL simulation ﬁles can be
loaded directly into the Java program; other simulation softwares can
similarly be used in place of COMSOL through linking APIs or user
interface manipulation libraries, the latter oﬀering the ﬂexibility of
interacting with the graphic user interface directly. In our

The damping factor λ also needs to be selected. No single optimal
method exists for choosing the damping factor in general [49–51],
especially when the merit function landscape is completely unknown a
priori. To maximize the robustness and stability of our algorithm, we
cover a range of damping factors across twenty orders of magnitude,
from λ = 10−10 to λ = 1010. At each iteration, the algorithm begins
with an initial damping factor λ0, and oscillatorily selects the next

ˆ

Fig. 3. Flowchart of the proposed algorithm, with damping factor selection and merit function switching, and preconditioning procedure. A target metric M is
speciﬁed, which may be set to the average relative energy resolution (M = E (v ) ) for the minimization of E. A maximum number of iterations N is also set.
33
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Fig. 4. A schematic of the PRMA instrument
with 10 mm analyzer's working distance. The
placement of the electrodes are shown, along
with computed electric ﬁeld strength contour
lines; simulated electron trajectories for
Δθ = ± 3° are also plotted. The presented
conﬁguration represents the optimal found via
our algorithm (Fig. 5).

implementation, the ﬁeld distributions are computed via ﬁnite-element
method, and the trajectories of the electrons are computed via a ﬁfthorder Runge–Kutta numerical integration. We emulate several spectrometer designs [24,43–45] in COMSOL as test examples for our proposed algorithm, alongside key modiﬁcations for practicality and capability enhancements.

performance than single merit function selections. A comparison of
initial and optimized relative energy resolution landscapes is also presented in Fig. 5(c), illustrating the improvements across the instrument
energy bandwidth yielded by our algorithm.
The practicality of the presented optimization algorithm is most
prominent during the development of new instruments, whose geometry and electrode arrangement may diﬀer from existing designs.
Routine operation of existing analyzers may also require slight modiﬁcations, such as alteration of the working distance of the analyzer for
practical considerations, and the addition or removal of shielding grids.
It is therefore important that our proposed algorithm remain robust to a
variety of starting conﬁgurations, from which optimization is to be
carried out. We investigate these eﬀects in Fig. 6, in which we randomly
perturb the starting electrode potentials by an amount σ. In particular,
for a perturbation amplitude of σ, each electrode potential Vj ∈ x is
perturbed to (1 + ξj)Vj with ξj ∼ U(−σ, σ). The perturbed initial conﬁgurations were not observed to impede the optimization process, and
indeed yield very similar optimized states as the original; this insensitivity to starting conﬁguration indicates good versatility of the
method.

3. Applications & results
The general design speciﬁcations of the parallel radial mirror analyzer (Section 3.1), radial mirror analyzer (Section 3.2), and parallel
magnetic sector analyzer (Section 3.3) are approximated as a form of
initial design. Practical modiﬁcations on the designs are then made,
before applying our proposed optimization algorithm.
3.1. Parallel radial mirror analyzer
The parallel mirror radial analyzer (PRMA) [24,44] is a parallel
energy analyzer designed to be ﬁtted as an add-on attachment to the
chamber of scanning electron microscopes (SEMs). The PRMA is capable of simultaneously analyzing energies in the range of 100–6000 eV,
an order of magnitude wider than the radial mirror analyzer (RMA)
range of ± 7.5% with a ﬂat detector. The PRMA comprises 12 independent electrodes, whose potentials can be individually tuned. A
schematic of the device is shown in Fig. 4.
The possibility of carrying out Auger electron spectroscopy (AES) in
SEMs is well-known [40,52–54], where the Auger spectrum from a
specimen can be acquired by a fast energy analyzer after cleaning its
surface by ion bombardment [24,40]. In order to acquire the Auger
spectrum suﬃciently quickly (in seconds), a parallel analyzer attachment is required. This makes AES a promising tool for nano-scale defect
analysis and elemental identiﬁcation inside SEMs. Current PRMA designs of 7 mm working distance (between the specimen and the entrance of the analyzer) [44] may prove to be physically prohibitive. The
diﬃculty of manually tuning twelve electrodes to achieve good focus
across the entire energy bandwidth is also apparent.
Here we extend the working distance of the analyzer to 10 mm,
allowing greater compatibility with SEMs and ﬂexibility in analyzer
mounting. To counteract the associated degradation of focusing properties, the presented optimization algorithm is applied, limiting the
tunable parameters to the electrode potentials and central pass angle.
Initial electrode potentials of V1 =−12.9 V, V2 =−83.5 V,
V3 =−203.5 V, V4 =−318.7 V, V5 =−480.2 V, V6 =−688.3 V,
V7 =−928.0 V, V8 =−1247.9 V, V9 =−1440.0 V, V10 =−1520.0 V,
V11 =−1760.0 V, and VD =−2639.8 V were adopted from the previous PRMA design [44] to be further developed. The initial central
pass angle was taken to be θ = 24.4°. Fig. 5(a) and (b) presents plots of
mean relative energy resolution E (v ) against optimization iterations,
comparing the proposed adaptive merit function switching (Section
2.3) against single merit function selections of E, Z and Q. Polar angular
spreads of Δθ = ± 2° and Δθ = ± 3° are considered. Indeed, it can be
observed that the switching strategy yields better convergence

3.2. Radial mirror analyzer
The original RMA design [43] is based on the fountain spectrometer
[55], and consists of four internal electrodes, of which three are straight
and one is curved (the deﬂector electrode). The detector is split into two
segments, with an inner conical surface for lower-energy electrons, and
a ﬂat horizontal outer annulus for higher-energy electrons. A simpliﬁcation into a design of four straight electrodes has been proposed [24],
with no adverse implications on focusing properties. An energy bandwidth of ± 12% around the central pass energy can be achieved with
the simpliﬁed design.
Here we extend the energy bandwidth of the RMA to ± 20% around
the central pass energy (Fig. 7). We restrict the detector to be ﬂat and
horizontal, to further reduce mechanical complexity. The presented
optimization algorithm is applied, with the electrode potentials, central
pass angle, and constrained specimen placement oﬀsets as tunable
parameters. Initial electrode potentials of V1 =−0.172E0,
V2 =−0.470E0, V3 =−0.570E0 and VD =−0.540E0 were adopted
from the simpliﬁed RMA design [24] to be further developed. A central
pass energy of E0 = 1000 eV was assumed, and the central pass angle
was taken to be θ = 34.5°.
The improvement in relative energy resolution achieved by the algorithm is illustrated in Fig. 8(a), for Δθ = ± 2° and Δθ = ± 3°; and a
comparison between the initial and ﬁnal optimized relative energy resolution landscapes is presented in Fig. 8(b). The initial conﬁguration is
not designed to accommodate energies as large as +20%E0, and hence
suﬀers from poor energy resolution near this extremum; the optimization is successful at resolving this at negligible expense to the performance at other energies.
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Fig. 5. (a) A plot of the best-known mean relative energy resolution E (v ) as the optimization algorithm progresses, (b) a zoomed-in version of the same graph, and (c)
a plot of the relative energy resolution landscape for the initial and optimized systems. The proposed adaptive merit function switching strategy is compared against
single merit function selections in (a) and (b), for Δθ = ± 2° (circles) and Δθ = ± 3° (squares). Final mean relative energy resolutions achieved at iteration n = 21
are 0.299% and 0.403% for Δθ = ± 2° and Δθ = ± 3° respectively. Parameters used are η = 5, κ = 0.02 and m = 0.9.

Fig. 6. (a) Improvements of mean relative energy resolution E (v ) on the PRMA, for σ = 1%, σ = 2%, σ = 3%, σ = 5%, σ = 10% and σ = 15% randomly perturbed
starting conﬁgurations, and (b) a zoomed-in version of the same graph. The unperturbed starting conﬁguration (σ = 0%) is also plotted for comparison. All perturbed
starting conﬁgurations are optimized to within 5% of the optimal unperturbed solution (gray region), indicating good robustness of the algorithm.

Fig. 7. A schematic of the examined RMA instrument. The analyzer has a conical inner
surface to accommodate the objective lens
pole-piece of a scanning electron microscope.
The placement of the 4 electrodes are shown,
along with computed electric ﬁeld strength
contour lines; simulated electron trajectories
evenly spanning Δθ = ± 2° are also plotted.
The presented conﬁguration represents the
optimal found via our algorithm (Fig. 8).
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Fig. 8. (a) A plot of the best-known mean relative energy resolution E (v ) against optimization iteration, comparing the proposed adaptive merit function switching
strategy against single merit function selections. Data for Δθ = ± 2° (circles) and Δθ = ± 3° (squares) are presented. (b) A plot of the relative energy resolution
landscape for the initial and optimized systems, for Δθ = ± 2°. Final mean relative energy resolution at iteration n = 18 is approximately 0.256% (with m = 1) and
0.341% (with m = 0.95) for Δθ = ± 2° and Δθ = ± 3° respectively. Parameters used are η = 5 and κ = 0.01.

signiﬁcantly to include a sloped front, and also account for the presence
of leakage ﬁelds at the entrance slit. For completeness, we also include
iron blocks to attach the magnets to the interior walls of the device. A
total of 9 pairs of magnets (an addition of 2 pairs to allow greater
control of the focusing properties) are internally mounted, with a ﬂat
horizontal detector. The energy bandwidth of the analyzer is also expanded to a broader 50–4000 eV. We illustrate the modiﬁed analyzer
design in Fig. 9.
The presented optimization algorithm is similarly applied, with the
magnet excitation strengths and central pass angle as tunable parameters. For simplicity, we adopt a magnetic scalar potential formalism.
Initial excitation strengths of φ1 = 10.9 AT, φ2 = 8.2 AT, φ3 = 29.2 AT,
φ4 = 15.1 AT,
φ5 = 31.2 AT,
φ6 = 38.2 AT,
φ7 = 51.4 AT,
φ8 = 70.8 AT, and φ9 = 95.3 AT were adopted from the earlier design
to be further developed, with an initial central pass angle of θ = 44.4°.

3.3. Parallel magnetic sector analyzer
The PRMA (Section 3.1) and RMA (Section 3.2) both utilize electrostatic mechanics for the control of electron trajectories; we now
present a magnetic analyzer test example to illustrate the generality of
our proposed algorithm. The parallel magnetic box analyzer [45] consists of 7 pairs of excitation plates mounted within a cuboid shielded
chamber, and is capable of achieving second-order or higher focusing
over more than half of its energy bandwidth of 50–2500 eV. However,
the original cuboid external geometry of the magnetic box analyzer
[45] is physically prohibitive, as it does not allow the analyzer to be
placed in close proximity to the conical objective lens pole-piece of
SEMs. A mounting solution is also required for the magnetic excitation
plates.
We now modify the geometry of the magnetic box analyzer

Fig. 9. A schematic of the modiﬁed parallel magnetic sector analyzer. The front surface of the analyzer is sloped to accommodate the objective lens pole-piece of a
scanning electron microscope. The placement of the magnets are shown, along with computed magnetic scalar potential contour lines; simulated electron trajectories
evenly spanning Δθ = ± 2° are also plotted. The presented conﬁguration represents the optimal found via our algorithm (Fig. 10).
36
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Fig. 10. (a) A plot of the best-known mean relative energy resolution E (v ) against algorithm iteration, with adaptive merit function switching and single merit
function selections. Data for Δθ = ± 2° (circles) and Δθ = ± 3° (squares) are presented. (b) A plot of the relative energy resolution landscape for the initial and
optimized parallel magnetic sector analyzer systems, for Δθ = ± 2°. Final mean relative energy resolution achieved at iteration n = 21 is 0.208% and 0.392%
respectively for Δθ = ± 2° and Δθ = ± 3°. Parameters used are η = 5, κ = 0.01 and m = 0.9.

problems have seen great mathematical development in the past two
decades [33–39,56], and have been applied to advance theoretical
understanding in a wide range of subjects, including counter-intuitive
bulk drift in granular and diﬀusive ﬂows [57,58], stability in mixed
chaotic systems [59,60], entropy in information dynamics [61], ecological modelling [62], and tumour growth dynamics [63]. The current
study, in contrast, reﬂects a direct application of the Parrondo's
paradox, not in a theoretical sense but in a practical engineering context.
It is worthwhile to discuss the mechanism for such an eﬀect. It is
clear that the minimization of E can be achieved via a reduction of Z
and Q—but there is a tendency for the reduction of these quantities to
occur simultaneously with the degradation of others. For instance, the
minimization of Z can trivially be accomplished by down-scaling the
spread of electrons on the detector plane, across the entire energy
bandwidth; but such a change would necessarily decrease the position
diﬀerential (∂z / ∂v ), hence yielding no deﬁnite beneﬁt as suggested by
Eq. (8). This same down-scaling process, extended into the vertical
direction, can also lead to a decrease of Q. In such circumstances,
therefore, naïve minimization of Z and Q may not lead to an eﬀective
improvement in E. At the same time, setting E alone as the merit
function is not ideal, for the numerical noise on the merit function
landscape may trap the algorithm in a false local minima easily.
Adaptive switching between E, Z and Q as merit functions helps avoid
optimization stagnation due to the aforementioned trade-oﬀs, by forcing the algorithm to pursue a dissimilar direction in parameter space
each time stagnation is detected; this direction switching also enhances
robustness to numerical noise, hence oﬀering better performance in the
majority of cases.
It is also clear that in most cases, the algorithm completes a large
proportion of potential improvements within the ﬁrst few iterations
(n ≤ 5). Therein lies its potential advantage, in comparison to other
gradient-based methods, such as the Gauss–Newton method and gradient descent. The Levenberg–Marquardt algorithm provides a good
rate of convergence, and is suﬃciently robust to be applicable to a wide
range of systems. In comparison to non-gradient alternatives, such as
genetic algorithms [64–66] simulated annealing [67,68], and particle
swarm optimization [69,70], the Levenberg–Marquardt algorithm suffers from an intrinsic limitation in being a local-minima search instead
of a global-minima search. Nonetheless, the algorithm can be eﬀective
when supplemented with appropriate mitigation measures, as demonstrated in this study; and this is at considerable implementation simplicity and greatly reduced computational cost.

The improvement in relative energy resolution achieved by the algorithm is illustrated in Fig. 10(a), for polar angular spreads of Δθ = ± 2°
and Δθ = ± 3°. A comparison between the initial and ﬁnal optimized
relative energy resolution landscapes is also presented in Fig. 10(b),
whereby we analyze in-plane focusing only.
4. Discussion
While performance analysis and optimization methods hinging
upon computational numerical ﬁeld solutions and direct charged particle tracing [20–23], inclusive of ones based on the Levenberg–Marquardt algorithm, have been presented previously in literature, such proposals were generally targeting established narrowband electron optics systems. The recent PRMA and parallel magnetic
sector analyzer designs demonstrated in the current study represent a
class of wide-band analyzers with a large degree of freedom. In particular, the nonlinearities in ﬁeld distributions render the optimization of
such devices infeasible to be carried out manually. Our results reﬂect
that the Levenberg–Marquardt algorithm can be eﬀectively applied to
complex parallel energy analyzer systems, so long as appropriate enhancements are made to address the limitations of the method (Section
2.3). The emphasis on electron-optical systems in this paper has also
enabled speciﬁc improvements to be made, such as the preconditioning
of selected highly nonlinear parameters (Section 2.4). By the same extension, our algorithm is also applicable to parallel mass spectrometer
designs.
Only a limited range of commercial simulation software contain
native optimization functionalities suitable for electron-optical systems—for instance, the Lorentz 2/3-EM Version 7 suite does not feature
any optimization module, and the optimization module of COMSOL
Multiphysics is of limited integration with the charged particle tracing
interface. The Java algorithm implementation here is publicly available, and can in principle be coupled to any simulation software
(Section 2.5); this therefore represents a signiﬁcant step in mainstream
accessibility to automated simulation-based optimization.
Of particular interest is the improvement in optimization performance yielded by the adaptive merit function switching strategy, as
compared to single merit function selections of either E, Z or Q (Figs. 5,
8 and 10 ). A merit function selection of only E, as in the canonical
Levenberg–Marquardt implementation, yields consistent sub-optimal
convergence; and it is also apparent that a selection of the auxiliary
variables would impede the optimization process, for Z and Q do not
completely represent the relative energy resolution landscape. A mixed
strategy alternating between these extremes produce a better outcome
than can be achieved with either individually—this is highly reminiscent of the game-theoretic Parrondo's paradox, in which two
losing games can be made winning by playing in deterministic or
random order [31,32]. The Parrondo's paradox and related switching

5. Conclusion
The current study has presented an automated optimization algorithm based on the Levenberg–Marquardt method, with the additions of
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an adaptive merit function switching scheme and a preconditioner for
selected highly nonlinear parameters. Extending the applicability of
numerical charged particle tracing to parallel electron-optics instruments, the algorithm has been applied to the parallel radial mirror
analyzer, the radial mirror analyzer, and the parallel magnetic sector
analyzer as test examples. The geometries, working distances, and energy bandwidths of these instruments have been modiﬁed to enhance
their practicality and capability; and the presented method was demonstrated to be able to improve the focusing optics of these instruments signiﬁcantly in comparison to their starting conﬁgurations as
carried out in COMSOL Multiphysics, within a small number of iterations. Our proposed algorithm has also been shown to be robust to
starting conditions, thereby indicating good generality and practical
usability.
It is apparent that numerical ray tracing methods are by themselves
insuﬃcient for the successful design of parallel energy spectrometers,
which are typically of greater mechanical complexity than sequential
analyzers; an optimization technique must be used in tandem. This is a
key area of applicability for our proposed method. The presented algorithm is implemented in a Java software package that can be coupled
to any simulation software, for instance COMSOL Multiphysics or Lorentz
2/3-EM, through the use of linking APIs or user interface manipulation
libraries; this allows eﬀective automated optimization to be executed
on any platform, regardless of whether native optimization features are
available. Moreover, key insights that adaptive merit function
switching and selective preconditioning can enhance optimization
performance greatly have also been discussed.
Our results are of signiﬁcance as parallel energy analyzers are expected to play major roles in the near future. The ability to perform
Auger electron spectroscopy inside SEMs will allow quantitative elemental analysis to be mapped with high image resolution on the nanoscale [16,24,40,71], thereby overcoming some of the challenges associated with shrinking node sizes in the semiconductor technology
roadmap. Furthermore, our work can be considered complementary to
recent studies on the segmentation of electrodes in cylindrical mirror
analyzers and related equipment [41,42]—the proposed optimization
algorithm can be applied, in light of the associated increase in system
degree-of-freedom. A generalizable automated optimization tool greatly
accelerates the development and reﬁnement of spectrometers and related electron-optical systems, and is of practical relevance to the
continued advancement in these disciplines. Further improvements to
the numerical solver may also be implemented, such as highly-precise
power series-based ray tracers exploiting cylindrical symmetry [72], for
greater theoretical accuracy.
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