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Abstract Parrondo’s games to date have largely
focused on the dynamics of capital mean, and not capital spread—the potential of the framework in modelling ecological and socioeconomic sustainability and
inequality has thus been ignored. Based on behavioural
heuristics of distinct individualistic and multipartite
interactive strategies, we introduce a novel multi-agent
Parrondo game structure with dynamics dependent
upon local inequality. Intriguingly, we observe the presence of doubly-anomalous scenarios, in which there
is paradoxical population growth despite both pure
strategies being losing, simultaneously accompanied
by a suppression of inter-population capital variance
to within constant bounds. Ecologically, this reflects
sustainable population proliferation amidst disadvantageous conditions; the converse scenario in turn corresponds to inequality-plagued unsustainable growth.
Different connectivity topologies, such as scale-free
and random networks, are also investigated.
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1 Introduction
Game theory has seen diverse interdisciplinary applications across social science, computer science, and ecoevolutionary research. For instance, game-theoretic
analyses have yielded insights on information propagation and opinion dynamics in human communities, with implications on voting and election outcomes
[1,2]. Scheduling and data routing algorithms in computer networks have also been improved [3,4], and casting evolution as competitive games has advanced our
understanding on the emergence and persistence of certain behavioural and physiological traits in organisms
[5,6]. An emerging field of game-theoretic research
concerns the Parrondo’s paradox, in which the temporal intercalation of two losing games in a random
or periodic order can result in a winning outcome [7–
11].
The original Parrondo’s game structure comprises
two single-agent games, formally termed Games A and
B. Game A provides stochastic perturbations, enabling
the agent to repeatedly ride the periodic asymmetric
‘ratchet’ in Game B for an overall increase in capital.
This agitation-ratcheting mechanism is at the core of
the paradoxical effect and is a mathematical abstraction of flashing Brownian ratchets [12–17]. To date, a
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wide range of phenomena have been understood under
the framework of Parrondo’s games, including stability via mixing of chaotic processes [18–21], bulk
drifts in granular flow [22] and switched diffusion
processes [23], and entropy in information thermodynamics [24,25]. Quantum game variants have also
been developed, with applicability in decoherence suppression and quantum algorithm implementation [26–
32]. The paradox also plays keystone roles in evolutionary processes [33–35], including bacterial random
phase variation [36], transitions between unicellular
and multicellular life [37,38], and the development
of migratory survival strategies [39–44]. The role of
noise in self-organizing systems is also an active area
of research [45,46], with Parrondo effects potentially
playing key roles.
However, existing literature on Parrondo’s games
has largely focused on the dynamics of capital mean
and has neglected capital spread [12,13]. The potential of the framework in modelling sustainability
and inequality in ecological and socioeconomic contexts has thus been largely ignored, and it is critical to fill this gap. In particular, we ask a tantalizing question—can there be paradoxical growth
with bounded variance, corresponding to convergent
behaviour within an anomalously evolving multi-agent
system, or ecologically, sustainable population proliferation despite disadvantageous circumstances? Conversely, can there be growth reflecting divergent unsustainability?
In this paper, we develop a novel multi-agent
Parrondo game structure with local capital spread
dependence, generalized to arbitrary agent connectivity
topologies. Inter-agent interactions with varying redistribution outcomes are readily encoded, hence allowing for the robust modelling of ecological systems,
trivially extendable to evolutionary and socioeconomic
processes alike. The rich landscape of intriguing phenomena within this structure is demonstrated, including the possibility of sustainable paradoxical growth
with capital variance suppressed to within constant
bounds. Different connectivity topologies are explored,
including random regular, random, and scale-free networks; lastly, we present results on the optimization of
the examined system, in some cases entirely eliminating unsustainable outcomes with fast-growing inequality.
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2 Mathematical model
An ensemble of N agents represented in an undirected
graph G is considered, whose edges represent the interagent connections. We let N (u) denote the neighbour
set of agent u ∈ V (G), du denote the degree of u, and
Cu denote the capital of u. The average degree of vertices in G is denoted d. All agents start with zero capital, and quantities pertaining specifically to Game A,
Game B, and stochastically mixed games are denoted
with superscripts A, B, and M, respectively. Ecologically, the agents may be taken to represent populations,
and the associated capital then corresponds to population size or welfare.
2.1 Basis heuristics
At a general heuristical level, the proximal coexistence
of populations allows a distinction to be made between
individualistic behaviour and inter-population interactions. In the former, populations choose to pursue goals
independently; and in the latter, they choose to include
external parties in their survival strategies, on the basis
of mutual benefit. Even in simpler organisms, such as
slime mould [47], dimorphic fungi [48], and jellyfish
[49], these distinct strategies are utilized to enhance
survivability. The manipulation of individualistic and
multipartite interactive strategies seems ubiquitous in
the natural and anthropological worlds.
Here, Games A and B model individualistic activity and inter-agent interactions, respectively. The latter
can be reasoned to be characterizable on a spectrum—
cooperative on one end, and exploitative on the other.
In the former, richer agents aid poorer ones, resulting
in the closing of capital inequality; and in the latter,
richer agents take advantage of poorer ones, resulting in
the opposite redistribution. Ecologically, one may interpret exploitative outcomes as analogous to the Matthew
effect [50] and cooperative outcomes as analogous to
the inverse Matthew or Allee effects [51].
2.2 Game structure
These heuristics can be made manifest with the following game-theoretic structure. At each game round
n, a random agent u n ∈ V (G) participates. We introduce mixing parameter γ , such that Games A and B are
played with probability γ and (1 − γ ), respectively.
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Game A Probability p for u n to gain η capital and probability (1 − p) for u n to lose η capital.
Game B Define  to be the difference between the capital of agent u n and the mean of his neighbours:

 = Cu − du1
v∈N (u n ) C v .
n
If  > , probabilities ( p1 + ) and (1 − p1 − ) for u n to gain and lose η1 capital, respectively.
If || ≤ , probabilities (α − β) and (1 − α + β) for u n to gain and lose η2 capital, respectively.
If  < −, probabilities ( p1 − ) and (1 − p1 + ) for u n to gain and lose η1 capital, respectively.
Conditions 0 ≤ (α − β) ≤ 1 and 0 ≤ ( p1 ± ) ≤ 1 must be satisfied.

2.3 Theoretical analysis and interpretation
We seek to derive a complete analytical framework,
capable of predicting the capital statistics emergent
from the model as proposed. Starting with a pure Game
A sequence, the asynchronicity [52] of the game structure necessitates the use of a trinomial distribution to
model the capital statistics; the following closed-form
expressions for capital mean μ A (n) and standard deviation σ A (n) can be computed:
nη
(2 p − 1),
N
η
σ A (n) =
n(N − (2 p − 1)2 ).
N

μ A (n) =

(1a)
(1b)

A detailed derivation of Eq. (1) is presented in the
Supplementary Information. In the limit of N → 1 and
η → 1, these solutions indeed reduce to the specialcase statistics reported previously [10]. It is clear that
p < 0.5, p = 0.5, and p > 0.5 result in Game A
being losing, fair, and winning, respectively. Further,
Game A alone can never achieve a bounded variance,
for σ A (n) grows without bound.
In the central branch of Game B, α < 0.5, α = 0.5,
and α > 0.5 lead to losing, fair, and winning outcomes,
respectively, in a pure Game B sequence. The −β
modulation introduces negative feedback when β > 0,
such that richer agents tend to lose capital upon interaction with his neighbours, while poorer ones tend to gain
capital. Conversely, β < 0 results in positive feedback.
These correspond to the prevalence of cooperative and
exploitative interaction behaviours, respectively, with
the magnitude of β dictating the strength of redistribution bias.
A physical interpretation can be realized by considering the effects of α and β on a potential landscape.
The central || ≤  region can be visualized to transition from a potential hill into a potential well as β grows
from negative to positive, thus providing an intuition
into the capital redistribution outcomes. At the same

time, α introduces a uniform background potential gradient, giving rise to unidirectional drift over time.
Likewise, p1 and  control fairness and feedback
in the extremal branches, respectively. Ecologically,
α and p1 can be interpreted as the average extent to
which multipartite inter-agent interactions are beneficial; β and  can in turn be interpreted as the differential
benefit.
For a stochastically mixed game, the evolution of
game states can be described via a mean-field recursive relation. We let Pn (k) denote the probability of an
agent having k capital on game round n and define auxiliary functions f ± (k) = (1 ± sgn k)/2 and gn± (k) =
f − (−|kn |) f ± (kn ). The recursive equation can then
be written as:
⎧
⎪
1
⎪
⎪
⎪
⎪
⎪
0
⎪
⎪
⎨
(N − 1)Pn−1 (k) + γ p Pn−1
Pn (k) =
⎪
⎪
⎪
(k − η) + (1 − p)Pn−1 (k + η)
⎪
⎪
⎪
⎪
⎪
⎩ + (1 − γ ) B
N
n−1
B
n

if n = k = 0
if n = 0, k = 0

(2)
otherwise,

= gn+ (k − η1 )( p1 + )Pn (k − η1 )
+ gn+ (k + η1 )(1 − p1 − )Pn (k + η1 )


2|
2
Pn (k − η2 )
α − βk−η
+ f +  − |k−η
n
n


2|
2
Pn (k + η2 )
+ f +  − |k+η
1 − α + βk+η
n
n
+ gn− (k − η1 )( p1 − )Pn (k − η1 )
+ gn− (k + η1 )(1 − p1 + )Pn (k + η1 )

(3)

We may write kn = k − μ∗ (n), where μ∗ (n) is the
local capital mean amongst the neighbour set of the participating agent u n . In general, μ∗ (n) is different from
the global capital mean μ(n), due to the limited connectivity between agents and the asynchronous nature
of the game. Letting H = max (η, η1 , η2 ), the global
mean μ(n) and standard deviation σ (n) can be written
as:
μ(n) =

Hn


k Pn (k),

(4a)

k=−H n
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Hn


σ 2 (n) =

k 2 Pn (k) − μ2 (n).

(4b)

k=−H n

At each game round, non-participating agents will
have unchanged capital. Agents, therefore, will have
capitals belonging to the Pn (k) distribution of the game
round in which they last played. The probability of a
neighbouring agent having participated last on the l th
game round is
⎧
n−l
⎪
⎨d 1− d
if l > 0
N
N
Q(l) =
(5)
n
⎪
⎩ 1− d
if
l
=
0.
N
To a reasonable approximation, we can write
n

μ∗ (n) =
Q(l)μ(l).

(6)

l=0

Modelling stochastically mixed games necessitates
computing Eq. (2) with the functional form of μ∗ (n)
as given in Eq. (6), which can be done numerically.
Setting γ = 0 effectively models a pure Game B
sequence. Likewise, setting γ = 1 models a pure Game
A sequence, but the closed-form solution in Eq. (1)
offers a more efficient route. In this way, we have a
theoretical framework capable of modelling both the
capital mean and spread, for any game configuration.
This analytical result is important to our theoretical
understanding of asynchronous Parrondo’s games.
3 Methods
Numerical Monte Carlo simulations of the presented
game structure were run to investigate the behaviour
of the model. Theoretical results were also obtained
by computationally evaluating the recursive Eq. (2),
with specific measures taken to suppress numerical errors. The details to the numerical implementations can be found in the Supplementary Information.
The Barabási-Albert and Erdős-Rényi generative algorithms [53,54] were used to construct scale-free and
random networks, respectively.
4 Results
4.1 Paradoxical growth
In the analysis of our results, we distinguish between
the strong and weak Parrondo effects [10,55]. Two los-
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Fig. 1 Monte Carlo simulation results exhibiting strong Parrondo effect. Model parameters are p = α = 0.495, p1 = 0.8,
 = 0, β = 0.0135, η = 3, η1 = η2 = 1,  = 30, and γ = 0.5.
Simulation was run on N = 50, d = 6 random regular agent
connectivity graphs, with results averaged over 106 repetitions

ing games may yield a winning outcome when mixed—
this is referred to as the strong Parrondo effect. The
weak effect, on the other hand, occurs when the mixed
games yield improved capital mean, without the need
for a win.
μ M (n) > 0, μ A (n) < 0, μ B (n) < 0 (strong)
μ M (n) > μ A (n), μ M (n) > μ B (n) (weak)

(7)

Figure 1 shows a set of strong paradoxical simulation
results, with Games A and B both losing individually,
but winning when stochastically mixed. Also notable is
the rapid growth of capital standard deviation amongst
agents in the mixed games—this will be further analysed in Sect. 4.2.
Ecologically, this result indicates that temporal
stochastic switching between individualistic and multipartite inter-population interactive behaviours can
enable growth, even when both strategies are losing individually. In typical dense ecological systems,
resource availability is a key limiting factor in population persistence. At the same time, antagonistic competition is exacerbated by increasing amounts of interpopulation interaction. Pure individualistic and multipartite interactive behaviours hence lead to population
declination in the long run, as is consistent in Fig. 1.
The occurrence of the strong Parrondo effect resolves
this sub-optimality conundrum—it presents a viable
method for ecological populations to overcome extrinsic environmental constraints and intrinsic competition
dynamics.
It is worth noting that the underlying game-theoretic
mechanism of this paradoxical behaviour is not identical to that in the classical Parrondo’s games [7,12].
The evolutionary dynamics considered here are dependent upon the local spread of capital, rather than its
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mean or the binary states of agents [10], and Game
B lacks periodic asymmetry. The required asymmetry
instead takes the form of antagonism between the winning extremal branches and the losing central branch.
Perturbations from Game A, when sufficiently strong,
can overwhelm the negative feedback in the central
branch and send agents into the extremal branches;
the presence of outlying agents then triggers a cascade of extremal branch activations, resulting in the
Parrondo effect. In an ecological context, individualistic behaviour occurring independently within the
population ensemble introduces noise into their relative welfare; above a certain threshold, this enables the
exploitation of asymmetry in multipartite interactions,
resulting in paradoxical population growth. This synergistic effect is reminiscent of stochastic resonance,
in which the introduction of noise enhances previously
suppressed signals [56–59].
This balance between individualistic perturbations
(Game A) and multipartite negative feedback (Game
B) can be further investigated by exploring the β–η
parameter space. Figure 2 presents simulation results
with differing . Clearly, β must be positive for the
strong Parrondo effect to occur; furthermore, increasing β necessitates correspondingly larger values of η.
These are quantitative manifestations of the required
negative feedback and sufficiently strong individualistic perturbations, as discussed. Moreover, increasing 
widens the central negative feedback domain; hence,
smaller values of β are required to trap agents, and
larger values of η are required to free agents. The net
effect is an expansion of the paradoxical parameter
space in the β-direction and a contraction in the η-

Fig. 2 Monte Carlo simulation results across β–η space, for
 = 30 (left),  = 45 (middle), and  = 60 (right). Model
parameters are identical at p = α = 0.495, p1 = 0.8,  = 0,
η1 = η2 = 1, γ = 0.5 for all three graphs. Simulations were

direction, as indeed observed. When η is sufficiently
large to send some agents into the extremal zones,
but not so many that the ensemble grows, the weak
Parrondo effect manifests—growth from the extremal
branches is narrowly outweighed by losing contributions from the central branch and from Game A.

4.2 Sustainability and inequality
It is indeed also possible to achieve strong paradoxical
growth while maintaining a bounded capital variance
amongst agents. We call a mixed game fast if its capital variance exceeds that of both pure games; else it is
called slow. The first column of Fig. 3 shows simulation
results across p1 – parameter space, on random regular agent connectivity graphs. Theoretical predictions
from Eqs. (1) and (2), which show good agreement with
the simulation results, are also presented.
With γ = 0.5, reflecting an equal balance between
individualistic and multipartite interactive behaviours,
it is apparent that  = 0 can never yield outcomes
with bounded capital variance. While the Parrondo
effect may be present, especially when p1 is large,
such growth will always be accompanied by increasing inequality between agents. From an ecological and
socioeconomic standpoint, this suggests that ensuring
similar growth rates between populations is insufficient
for sustainability in the long term—additional effort
in closing inequality is necessary. Analogously, it is
well known in control theory that a minimum amount
of feedback control must be present, for a system to
remain stable amidst perturbations.

run on N = 50, d = 6 random regular connectivity graphs
over 80,000 game rounds, with the results averaged over 50,000
repetitions

123

J. M. Koh, K. H. Cheong

Fig. 3 Simulation results for different agent connectivity topologies across p1 – parameter space. All other parameters were
kept identical at p = α = 0.495, η = 3, β = 0.0135,
η1 = η2 = 1,  = 30, and γ = 0.5. These simulations were run

for n = 80,000 game rounds, with results averaged over 50,000
repetitions. The interiors of the dotted black squares represent
where 0 ≤ ( p1 ± ) ≤ 1 is satisfied

Notably, a bias towards cooperative interactions
( < 0) in the extremal branches enables bounded capital variance amongst agents. In fact, with sufficiently
small values of , mixed games can become bounded
and slow. Stochastic switching between individualistic (Game A) and multipartite interactive (Game
B) behaviours, in other words, achieves a doublyanomalous, best-of-both-worlds outcome—paradoxical
growth is achieved despite both strategies being individually losing, and inter-agent inequality is simultaneously suppressed to become effectively stagnant,
despite individualistic behaviour being never bounded.
This is of great relevance to sustainability in ecology
and socioeconomics.

and evolutionary dynamics have been successfully
modelled on random and scale-free complex topologies [63,64]. We therefore extend our investigation
into these generalized graph structures. The second and
third columns of Fig. 3 illustrate the effects of the number of agents N and the average degree d, for these
connectivity structures.
In a random regular graph, while the connections
between nodes are randomized, each node has exactly
d neighbours. In comparison, the degree distribution
in a random graph follows a binomial distribution,
whereas that in a scale-free network follows a power
law. Strikingly, despite these great differences in connectivity, all three graph topologies exhibit very similar
behaviour in p1 – space. The strong and weak Parrondo effects occur at similar regions; likewise, the
domains of bounded and unbounded capital spread are
comparable.
The model, therefore, exhibits a strong resilience
towards inter-agent connectivity variations. This reflects
good applicability towards general multi-agent systems, transparent to the intra-system coupling specifics.
The Parrondo effect, and the doubly-anomalous dynam-

4.3 Graph structure
While random regular graphs are simple to analyse, most multi-agent systems in the real world are
more appropriately modelled using scale-free networks, arbitrary-degree random networks, or an interpolation of both [60–62]. Notably, ecological networks
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ics demonstrated, is predicted to be present, largely
regardless of connectivity and system size. This is
important as ecological systems vary widely in scale
and connectivity density, as do socioeconomical and
physical systems—the independence of our results
against coupling specifics allows broad-based applicability. Though not investigated in the current study,
the exhibited topology independence of the model suggests that the same phenomenon is present in other
topologies observed in natural and artificial systems,
such as small-world [65–67] and modular hierarchical networks [67,68], at least under certain limiting
conditions. While the boundaries between paradoxical
regimes in parameter space may differ slightly across
topologies, the qualitative behaviour of the model is
not expected to change greatly.

4.4 Maximizing sustainability
Following the elucidation of doubly-anomalous outcomes, it is natural to enquire how the paradoxical
parameter space may be expanded, such that sustainability is maximized. With the simulation model and
theoretical framework developed, we can now explore
ways to strategically increase the margins of bounded
variance outcomes.
One such method is to optimize the mixing parameter γ , in essence tweaking the balance between indi-

Fig. 4 Simulation results and analytical predictions in p1 –
space for different values of mixing parameter γ . Model parameters are identical at p = α = 0.495, η = 3, β = 0.0135,
η1 = η2 = 1,  = 30, and γ = 0.5. These simulations were

vidualistic and multipartite behaviours. Figure 4 illustrates the effect of varying γ on p1 – space, for random regular connectivity topologies. As the evolutionary behaviour in p1 – space is largely independent of
connectivity topology, the results presented in Fig. 4
can be considered general.
It is clear that as γ is decreased, regions of
unbounded capital spread contract, and simultaneously
regions of bounded capital spread expand. Investing
more on multipartite interactions while reducing individualistic pursuits, in other words, results in a prevalence of ecologically sustainable, bounded inequality
outcomes. The stabilization effect becomes sufficiently
pronounced at small values of γ that bounded inequality occurs even when  ≥ 0, canonically reflecting
exploitative inter-agent interactions. At γ ∼ 0.125, it
can be observed that regions of fast unbounded capital
variance entirely disappear.
Real-world ecological and socioeconomic systems
will have different associated numeric parameters in
general, such as the average multipartite interactive
benefit p1 and the differential benefit ; within the same
systems, these parameters may also not be constant
over long timescales. Maximizing the parameter space
of sustainable bounded scenarios hence corresponds to
maximizing the statistical likelihood of achieving sustainability. Such an optimization comes with inherent
costs—regions of weak and strong Parrondo effect con-

run on N = 30, d = 10 random regular connectivity graphs
for n = 80,000 game rounds, with results averaged over 50,000
repetitions. The interiors of the dotted black squares represent
where 0 ≤ ( p1 ± ) ≤ 1 is satisfied
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tract as γ is decreased. Sustainability is maximized at
the expense of paradoxical growth, insinuating that a
balance must be struck.

5 Discussion and conclusion
The presented multi-agent model with local inequalitydependent dynamics closes an important lacuna in
game-theoretic Parrondo’s paradox research, which
has largely neglected the role of capital variance
amongst interacting parties; more importantly, because
the model is based on population behavioural heuristics, it is by construction closely relevant to ecological systems. Such an approach provides mathematical
insight and theoretical unity to facets of sustainability and inequality in ecological systems. Crucially, a
complete analytical framework for the model dynamics has been derived, which shows excellent agreement
with numerical simulation results despite mean-field
simplifications (Figs. 3, 4). Minimal mathematical constraints were imposed on the model and the analytical
framework, hence preserving great generalizability.
Three key results were presented in this paper.
First, the presence of both strong and weak Parrondo
effects was observed, indicating that temporal switching between individualistic and multipartite interactive
behaviours can result in population persistence and
proliferation, despite these strategies being individually losing. This can be interpreted as an ecological
variant of the game-theoretic Parrondo’s paradox. Secondly, the occurrence of doubly-anomalous scenarios
has also been demonstrated, in which there is paradoxical growth simultaneously accompanied by the
suppression of inequality to within time-independent
bounds. Temporal mixing of strategies can therefore
also provide strong stabilization effects on inequality,
enabling sustainable long-term development. These
results are largely independent of connectivity topology.
Finally, a viable maximization of sustainable scenarios was examined. Inherent trade-offs between sustainability and paradoxical growth force a balance to be
maintained—we might refer to this as an analogue of
the Goldilocks zone [69,70], a family of mixed strategies that enable highly sustainable yet rapid growth.
Notably, the scope of the current study encompasses
not only natural ecology but also closely analogous
systems, such as socioeconomics. It is known that
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humans partition resources between individual pursuits
and social strategies [71,72], a close analogue to the
individualistic and multipartite interactive behavioural
modes considered; socioeconomic interactions may
also be characterized by a degree of cooperativeness
or exploitativeness. A virtual parallel between natural
ecology and socioeconomics is hence apparent.
The approach presented in this paper stems from a
cross-disciplinary merger of game theory and ecology,
ultimately enabling a multitude of unexplored results to
be uncovered. Our results are greatly significant to the
modelling of ecological and socioeconomic dynamics;
by extension, the model can also be adapted for physical networked systems such as swarm robotics and
self-ordering automata, especially in reliability analysis [73] and multi-agent behaviour prediction.
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