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A B S T R A C T

Not all workable spectrometer systems can be represented by an exact analytical field; furthermore, while
traditional design methods typically involve approximating known analytical fields with appropriate electrode/
magnet configurations, modern simulation-based approaches do away with analytical representations alto-
gether. Nonetheless, analytical solutions offer several advantages, including the ease of accurately evaluating
focusing properties, and the prospect of optimization through mathematical analysis. In this paper, we propose
an original and novel data-driven computational method for determining highly-accurate analytical field solu-
tions, applicable to energy analyzers of arbitrary geometry and electrode/magnet configuration. The method
encompasses a statistical analysis on a sample numerical field, from which appropriate eigenvalue bases are
identified for the construction of an approximate series solution. The proposed method is demonstrated on three
instruments—the parallel radial mirror analyzer, radial mirror analyzer, and parallel cylindrical mirror analy-
zer—illustrating its excellent versatility and accuracy in both the derived analytical fields ( < 1% mean error)
and relative energy resolution predictions. We also demonstrate the potential application of automated opti-
mization on the analytical fields through an adaptive Levenberg-Marquardt algorithm, exploiting the dimension-
reducing properties of the method to aid in efficiency. Our proposed method is general enough to be applied
across other fields of applications.

1. Introduction

A typical method for spectrometer design is to start with an analy-
tical field whose focusing properties are easily evaluated, following
which an approximate realization of such a field is found through ap-
propriate electrode or magnet arrangements. This approach, for in-
stance, had yielded the hyperbolic field analyzer [1], cylindrical mirror
analyzer [2], and the first-order focusing parallel magnetic sector
analyzer [3], amongst others. However, not all workable analyzers can
be represented by an exact analytical field; and in many cases, tuning
the device parameters beyond those suggested by the basis analytical
solutions can result in improved performance [4,5].

Some modern simulation-based approaches employing direct ray
tracing on numerical field solutions do away with analytical pre-
liminaries altogether. The recent development of parallel energy ana-
lyzers [6,7], capable of simultaneous data acquisition over extremely
broad energy ranges, albeit at the caveat of mechanical complexity,
prominently display the robustness of such methods. The large number

of electrodes or magnets, and the complicated device geometries,
naturally preclude analytical design methodologies.

It is, nonetheless, clear that analytical representations offer several
advantages, including the ease of accurately evaluating performance,
the possibility of acquiring insights into the functioning of the device
through mathematical analyses, and the inherent convenience in design
optimizations. A general methodology for deriving analytical re-
presentations of the fields in energy analyzers will therefore be of great
utility. Existing literature has, however, accorded such a subject little
attention.

In this paper, we propose a novel data-driven computational
method to determine accurate analytical field approximations, applic-
able to analyzers of arbitrary geometry and electrode/magnet config-
uration. The proposed method is demonstrated on three analyzer de-
signs—the parallel radial mirror analyzer [6], the radial mirror
analyzer [8], and a slightly modified variant of the parallel cylindrical
mirror analyzer [4,9]—thereby illustrating its robustness and perfor-
mance. Excellent agreement between the field distribution and relative
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energy resolutions predicted by our analytical solution and the nu-
merical solution can be observed. Lastly, we perform an optimization
on the analytical solutions using a Levenberg-Marquardt algorithm [5],
exploiting the dimension-reduction properties of the analytical method
to aid in efficiency.

2. Computational method

In this section, we present a computational method for the de-
termination of accurate analytical representations for the electric or
magnetic scalar potential in energy analyzers of arbitrary geometry.
The method accommodates complex device configurations, for instance
in parallel energy analyzers, where a large number of electrodes or
magnetic excitation plates ( > 10) is typically present. Direct ray tra-
cing can then be performed on the analytical field to determine its fo-
cusing properties. Sequential segments of the proposed method are
detailed in Sections 2.1 to 2.3, and the software implementation
adopted in this paper is detailed in Section 2.4.

2.1. Laplace equation

We consider a source-free geometric region Ω in the interior of the
analyzer. Such a region can always be chosen so long as electrodes and
other boundaries of fixed or floating potential, where induced charges
may arise, are excluded. Whenever possible, all regions traversed by the
charged particles ought to be included in Ω for accuracy; but this is not
strictly necessary in this method.

The potential V must satisfy the Laplace equation in Ω:

=V r r( ) 0 .2 (1)

In energy analyzer design, axisymmetric solutions and Cartesian solu-
tions with a central symmetry or anti-symmetry plane are particularly
relevant. For instance, the cylindrical mirror analyzer, radial mirror
analyzer, and parallel radial mirror analyzer all possess axial symmetry
[2,6,8]; and the field in the parallel magnetic box energy analyzer and
the parallel magnetic sector mass analyzer [3,10,11] can appropriately
be modelled in Cartesian space with a central anti-symmetric plane. We
therefore present an overview of these cases.

In cylindrical space with axial symmetry, separation of variables
=V r z R r Z z( , ) ( ) ( ) yields
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where Jl and Yl denotes the lth order Bessel functions of the first and
second kind respectively, Il and Kl denotes the lth order modified Bessel
functions of the first and second kind respectively, and curly brackets
{ · } denote a linear combination of the terms within.

On the other hand, in Cartesian space, separation of variables
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The application of symmetry conditions can yield further simplifi-
cations to the solutions. The solutions to the Laplace equation in other
three-dimensional geometries, for instance in spherically-symmetric
space, are also well-known [12], and shall not be reviewed in this
paper.

2.2. Data-driven series approximation

Solutions to the Laplace equation, such as those in Eqs. (3) and (5),
can in general be expressed as an infinite series, with the boundary
conditions specifying the values of the various constants. Analytical
reduction to an exact finite-sum closed-form solution is only possible
for the simplest of boundary conditions, and is infeasible for most
practical spectrometer designs. An alternative method must thus be
found.

Consider a potential U(r), r representing a position vector within Ω,
computed numerically a priori with the designed boundary conditions
and sampled uniformly q times in each geometric dimension
throughout Ω. The potential gradients U′(ri) and U″(ri) are sampled
likewise. The inverse cumulative distributions, also termed fractile
distributions, of the respective eigenvalues can then be obtained across
Ω. For instance, the distribution of γ in the axisymmetric case is readily
computed from Eq. (2), and the distributions of γx and γy in the Car-
tesian case are readily given by Eq. (4); analogous calculations can be
made for solutions of other symmetries.

An n-sample uniform sampling from the fractile distribution then
yields a finite-sized list of values = …{ , , , }n1 2 for each eigenvalue γ.
An approximate truncated finite-sum solution can therefore be written,
taking Γ as the respective bases. To illustrate, the finite-sum axisym-
metric solution is
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The finite-sum solution for the Cartesian case and other symmetries
can similarly be obtained with the same method. Here, sampling from
the fractile eigenvalue distribution ensures that a good representation
of the originally densely distributed eigenvalue space is arrived at; it
can therefore be considered superior to the alternative of direct sam-
pling, especially when the distribution is highly non-uniform.

The values of the various coefficients, now finite in number, can
then be determined by performing a nonlinear regression against the
numerical potential U, via the Levenberg-Marquardt algorithm or any
other suitable gradient-based methods. Due to the large number of
sampled points, it is expected that the evaluation of the residual will
represent the greatest computational cost at O(qp) where p∈ {2, 3} is
the number of effective geometric dimensions. The uniqueness theorem
for the Laplace equation [13], however, suggests that the regression
may equivalently be performed on the boundaries of Ω only, therefore
drastically reducing the complexity to a feasible O(pq).

This truncation process to a finite sum inevitably introduces errors in the
analytical solution, but such errors can be made very small with a reason-
able number of terms, as will be shown in Section 3. It is noted that these
finite-sum solutions obey the Laplace equation exactly due to its linearity.
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2.3. Direct ray tracing and further design optimization

The analytical field solution can then be used in direct ray tracing,
via numerical integration, to predict the particle trajectories within the
energy analyzer; the focusing performance of the energy analyzer can
hence be analyzed.

In some cases, the source-free region Ω cannot encompass the en-
tirety of the region traversed by the charged particles, due to the need
to exclude charge-carrying boundaries—this therefore results in a dis-
crepancy, wherein the geometric extent of the field is slightly larger in
the instrument than represented in the analytical solution. This indeed
arises in the spectrometer examples demonstrated in Sections 3.1 to 3.3.
Errors in particle tracing are hence expected, especially in trace-width
predictions. The trace-width refers to the finite spot size of the particle
incident positions on the sensor plane [7] and affects the achievable
energy resolution. With sufficiently small geometric discrepancies, the
errors can be corrected with a constant scaling factor a applied across
the energy bandwidth, such that the predicted trace-width w v( ) is
scaled from the computed trace-width w v^ ( ) by =w v aw v( ) ^ ( ).

It must be noted that a is not a free-fitting parameter. Its purpose as
a correction factor for geometric discrepancies reflects that it is a
constant tied to the selection of Ω, and therefore ought to be largely
invariant with respect to the charged-particle polar angular spread or
the configured electrode values. This allows the a priori determination
of its value. In this manner, the predictive power of this computational
framework is preserved.

Using the analytical solution as a starting point, further computa-
tional optimization to yield enhanced focusing properties can also be
carried out. Such an optimization process involves the tweaking of the
numerous weighting coefficients in the finite-sum field solution ( ±

i and
±

i in Eq. (6) for the axisymmetric case, and equivalent coefficients for
other geometries). Existing literature reports a variety of feasible
methods, such as Levenberg-Marquardt [5,14] and evolutionary algo-
rithms [15–17]. Importantly, the advantage of carrying out such opti-
mization on the analytical solution instead of on a purely numerical
field is the dimension reduction offered by the proposed method, which
aids greatly in computational complexity. Encoding the field as finite-
sum representations and then performing optimization necessitates
searching for optimum configurations in only an h-dimensional para-
meter space, where h is the number of coefficients; on the other hand,
performing a direct optimization on the modelled instrument involves a
parameter space spanning all electrode or magnet potentials and loca-
tions, and instrument chamber geometry, which will typically be of
much larger dimensionality than the coefficient space. This is further

discussed in Sections 3.4 and 4, when the optimization process is de-
monstrated on various emulated analyzer designs.

2.4. Software implementation

The proposed computational method is implemented inMathematica
11, inclusive of the series truncation algorithm (Section 2.2) and the
processing of ray tracing data (Section 2.3). The initial numerical field
solution and direct ray tracing were computed in COMSOL Multiphysics,
the former through finite-element method, and the latter through a
fifth-order Runge-Kutta numerical integration. Further optimization of
the analytical solution for enhanced focusing properties was performed
using an adaptive switching Levenberg-Marquardt algorithm previously
developed [5], implemented on Java and linked to COMSOL for ray
tracing via the COMSOL API for Java.

3. Applications and results

We demonstrate the proposed computational method on emulated
designs of the parallel radial mirror analyzer (Section 3.1), the radial
mirror analyzer (Section 3.2), and the parallel cylindrical mirror ana-
lyzer (Section 3.3), deriving highly-accurate analytical representations
of their internal fields. The further optimization of these analytical
fields for enhanced energy resolution is also demonstrated
(Section 3.4).

3.1. Parallel radial mirror analyzer

The parallel radial mirror analyzer (PRMA) [6] is a multi-channel,
axisymmetric energy analyzer designed to be fitted as an attachment
inside the specimen chamber of scanning electron microscopes (SEMs).
It offers significantly greater energy bandwidth (up to 6000eV) than the
radial mirror analyzer [8]. Internally, the analyzer comprises 12 in-
dependently tunable electrodes with a sloped grounded exit mesh—a
complicated set of boundary conditions.

A schematic of the PRMA with the selected source-free region Ω is
shown in Fig. 1. We adopt the electrode values =V 12.6V,1

=V 84.5V,2 =V 201.5V,3 =V 320.5V,4 =V 481.0V,5 =V 688.0V,6
=V 929.2V,7 =V 1248.1V,8 =V 1437.8V,9 =V 1520.7V,10
=V 1760.7V,11 =V 2638.6V,D and a central pass angle of = 25.6 .

The sampled fractile distribution of γ is shown in Fig. 2(d), the non-
linear nature of which is evident. Comparisons of the analytical field
solution as determined using the proposed method and the numerical
base solution are presented in Fig. 2(a)–(c), with a small mean error of

Fig. 1. Schematic of the PRMA, with the selected source-free region Ω highlighted in red. Computed electron trajectories evenly spanning = ± 3 are also plotted.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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0.991% across Ω using a five-term series. The computed values of the
various constants are detailed in Table 1.

Lastly, relative energy resolution landscapes as determined from

direct ray tracing on the numerical and analytical fields are presented
in Fig. 2(e), for polar angular spreads of = ± 2 and = ± 3 . A
good match between the analytically-derived values and the numerical
ones can be observed.

3.2. Radial mirror analyzer

Similar to the PRMA, the radial mirror analyzer (RMA) is an ax-
isymmetric energy analyzer suitable to be fitted as an attachment inside
SEMs [8]. Four individually-tunable internal electrodes are mounted,
with a flat horizontal detector. No exact analytical solution of the
electrostatic field within the RMA had been derived in existing litera-
ture, despite its relative simplicity as compared to the PRMA.

Fig. 3(a) presents a schematic of the RMA with the selected source-
free region Ω. Electrode values of =V 172.0V,1 =V 470.0V,2

Fig. 2. (a) Colour-graded plot of the numerical potential distribution V(r, z) across Ω on the PRMA; (b) colour-graded plot of the analytical solution as determined
through the proposed computational method; (c) comparisons between the analytical (solid lines) and numerical solutions (dashed lines) sampled across different z
values; (d) plot of the fractile distribution of eigenvalue γ, with the selected values of γmarked as dots (see Table 1); and (e) comparisons of relative energy resolution
landscapes as computed from the basis numerical and analytical fields, for = ± 2 (black lines) and = ± 3 (red lines). Mean error of the analytical solution
throughout Ω is 0.991%. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 1
Values of constants for the PRMA analytical field solution, as determined by the
proposed computational method. The Levenberg-Marquardt nonlinear regres-
sion was run for 300 iterations to compute these values.

i ×( 10 )i
5 ×( 10 )i 3 +

i i +
i i

1 -462.2 67.99 13.75 7.798 -15.56 38.08
2 -99.93 31.61 12.76 55.11 -35.36 270.7
3 -46.56 21.58 -73.18 -70.79 -2.628 297.6
4 -6.431 8.019 -2.959 30.51 36.60 -502.1
5 0 0 -12.59 10.36 -57.60 -0.4955

Fig. 3. (a) Schematic of the RMA, with the selected source-free region Ω highlighted in red and computed electron trajectories evenly spanning = ± 3 plotted in
black; (b) colour-graded plot of the numerical potential distribution V(r, z) across Ω; (c) colour-graded plot of the analytical solution as determined through the
proposed computational method; (d) comparisons between the analytical (solid lines) and numerical solutions (dashed lines) sampled across different z values; and
(e) comparisons of relative energy resolution landscapes as computed from the numerical and analytical fields, for = ± 2 (black lines) and = ± 3 (red lines).
Mean error of the analytical solution throughout Ω is 0.738%. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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=V 570.0V3 and =V 542.0VD were adopted, with a central pass
angle of = 40.0 . Comparisons between the analytical field solution
computed via the proposed method and the numerical basis solution are
presented in Fig. 3(b)–(d); and comparisons of the relative energy re-
solution landscapes as determined from the numerical and analytical
fields are shown in Fig. 3(e), for polar angular spreads of = ± 2 and

= ± 3 . The mean error of the analytical field is 0.738% using a six-
term series. The computed constants are detailed in Table 2.

3.3. Parallel cylindrical mirror analyzer

The design of the parallel cylindrical mirror analyzer (PCMA) [4,9]
deviates from those of the PRMA and the RMA, in that the axis of
symmetry is parallel, rather than perpendicular, with respect to the
detector. The PCMA is a development from the cylindrical mirror
analyzer with a greatly expanded energy range (125 eV–3000 eV). The
instrument consists of two concentric cylinders, and can function in the
axis-to-cylinder, axis-to-axis, and axis-to-disk modes. The axis-to-cy-
linder mode is used for the current example.

An improvement is made to the original design by segmenting the
outer cylinder into 12 individually-tunable ring electrodes, separated
from one another via insulating segments. This yields greater flexibility
in tuning the focusing properties of the instrument relative to the

original linearly-varying outer potential, and is therefore expected to
yield better performance. A schematic of this revised design is pre-
sented in Fig. 4(a). Electrode values of =V 3835.7V,1 =V 3418.6V,2

=V 2990.9V,3 =V 2550.5V,4 =V 2218.8V,5 =V 1841.7V,6
=V 1456.7V,7 =V 1128.4V,8 =V 655.6V,9 =V 201.0V,10
=V 179.8V11 and =V 621.6V12 were adopted, with a central pass angle

of = 0.471rad.
Comparisons between the analytical field solution computed via the

proposed method and the numerical basis solution are presented in
Fig. 4(b)–(d); and comparisons of the relative energy resolution land-
scapes as determined from the analytical and numerical fields are
shown in Fig. 4(e), for polar angular spread of = ± 16 mrad. The
mean error of the analytical field is 0.743% using a five-term series. The
computed constants are detailed in Table 3.

3.4. Further optimization

The analytical field solutions for the PRMA, RMA and PCMA can be
further optimized to yield better focusing properties (as discussed in
Section 2.3). Fig. 5(a)–(c) present optimization results for the three test
instruments respectively using a previously-developed Levenberg-Mar-
quardt algorithm that adaptively switches between different merit
functions [5].

Table 2
Values of constants for the RMA analytical field solution, as determined by the
proposed computational method. The Levenberg-Marquardt nonlinear regres-
sion was run for 6000 iterations to compute these values.

i ×( 10 )i
5 ×( 10 )i 3 +

i i +
i i

1 -3.684 6.070 -102.0 -302.7 2725 -6210
2 35.48 18.84 -536.9 1315 -1102 -15.37
3 90.13 30.02 -107.4 785.3 1274 1181
4 211.7 46.01 -67.70 2325 -52.82 -228.3
5 626.4 79.14 9.345 -7298 4.225 -8.897
6 0 0 -104.0 -210.4 717.2 -9.034

Fig. 4. (a) Schematic of the PCMA, with the selected source-free region Ω highlighted in red and computed electron trajectories evenly spanning = ± 16 mrad
plotted in black; (b) colour-graded plot of the numerical potential distribution V(r, z) across Ω; (c) colour-graded plot of the analytical solution as determined through
the proposed computational method; (d) comparisons between the analytical (solid lines) and numerical solutions (dashed lines) sampled across different z values;
and (e) comparisons of relative energy resolution landscapes as computed from the basis numerical and analytical fields, for = ± 16 mrad. Mean error of the
analytical solution throughout Ω is 0.743%. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

Table 3
Values of constants for the PCMA analytical field solution, as determined by the
proposed computational method. The Levenberg-Marquardt nonlinear regres-
sion was run for 2000 iterations to compute these values.

i ×( 10 )i
4 ×( 10 )i 2 +

i i +
i i

1 -1364 36.93 -34.23 -51.16 -68.10 69.98
2 2.728 1.652 -568.0 135.8 59.58 -1073
3 84.61 9.199 -118.9 48.03 -4233 7846
4 397.3 19.93 -199.6 116.7 295.8 -163.4
5 0 0 -451.9 12.84 360.5 -64.37

J.M. Koh and K.H. Cheong Ultramicroscopy 202 (2019) 173–179

177



4. Discussion

The proposed method utilizes an initial numerical field to compute
the appropriate distribution of eigenvalues and constants to be used in
the truncated analytical series, and is in this sense data-driven—while
effective, it is apparent that the initial numerical field needs to be of
sufficient quality, and the number of terms in the series cannot be too
few. The former requirement encompasses both adequate smoothness
and spatial resolution, for all of U(r), U′(ri), and U″(ri), so that all
subregions of Ω is properly represented during the sampling process. A
fine mesh for the computation of the numerical field is therefore ex-
pected to yield better results. In addition, as U″(ri) should be as smooth
as possible, it is suggested that the element discretization order when
utilizing the finite-element method be set to at least cubic, such that
third-order basis functions are used.

While the presented analytical solutions are accurate (mean error
< 1%), they can be further improved by expanding the number of
terms included in the analytical series, albeit at the expense of solution
simplicity and wieldiness. As the boundary conditions becomes more
complicated, it is expected that a greater number of terms will be ne-
cessary to maintain acceptable error rates; but the accuracy observed
for PRMA and PCMA at five terms, with their 12 independent electrodes
and numerous grounding boundaries, suggest that instrument com-
plexity is unlikely to be a major concern. It is notable that the com-
putational complexity of the regression procedure (Section 2.2) scales
with the number of terms used, therefore suggesting a practical upper
bound on the scalability of such an accuracy-enhancing approach.

Lastly, we point out that the proposed method of determining
analytical solutions offer natural properties of dimension reduction,
from a parameterization perspective. Consider the PRMA as an illus-
tration: the full parameterization of the instrument requires 3 geometric
and 1 electric potential degrees-of-freedom (DOFs) for each electrode,
and each boundary of the analyzer contributes additional geometric
and potential DOFs. It is therefore evident that a full parameterization
of the PRMA will encompass at least 60 DOFs; yet the analytical re-
presentation as computed from our algorithm carries only 25 DOFs, and
captures the field distribution accurately. This dimension-reducing
property can similarly be observed in the RMA and PCMA; it will, in
general, always arise for designs of sufficient mechanical complexity. In
the context of design optimization, exploiting this property will greatly
shrink the search space for optimal solutions, and can greatly enhance
the efficiency of optimization algorithms. This aspect had been de-
monstrated in Section 3.4. It is notable that the difficulties posed by
large-dimension search spaces on optimization techniques remain a
significant technical barrier to date [18], even with modern algor-
ithms—dimension reduction is hence important to facilitate the design
and development of increasingly complex spectroscopic instruments.

To identify an appropriate configuration of electrodes or magnets
from the optimized analytical field, lines or regions with almost con-
stant potential can be identified—these then represent candidate posi-
tions for the placement of electrodes. Furthermore, the presented ana-
lytical approach may provide new insights on the conditions required to

produce second- or higher-order focusing over a wide energy range.
Given that the computation process to determine analytical solutions
has been shown to be robust to geometry and electrode configuration,
and that optimization on these solutions has been demonstrated to be
greatly workable, the initial numerical field used can be considerably
sub-optimal without significantly impairing the function of the pre-
sented method. Extensive pre-optimization of the initial numerical field
is not required in most cases, enabling straightforward application;
however, in severe cases where the initial field contains significant
distortions, there remains a possibility that the computed distribution
of eigenvalues becomes too inaccurate for the proper functioning of the
subsequent regression. These scenarios may manifest as a failure to find
accurate analytical field solutions even with a large number of terms, or
a failure of the optimization algorithm to converge thereafter.
Nonetheless, we find these occurrences to be rare.

5. Conclusion

The current study has presented an original and novel data-driven
computational method for determining accurate analytical representa-
tions of the internal field distributions in energy analyzers, general to
instruments of arbitrary geometry, symmetry, and electrode or magnet
configurations. The proposed method has been demonstrated on the
parallel radial mirror analyzer, the radial mirror analyzer, and the
parallel cylindrical mirror analyzer as test examples, indicating ex-
cellent accuracy of the computed analytical fields ( < 1% mean error)
and the predicted relative energy resolutions. The method also offers
properties of parameter dimension reduction, which can be exploited to
accelerate optimization processes.

The presented results are expected to be of great relevance to
spectrometer design and development, as it bridges the current divide
between traditional analytical and modern simulation-centric meth-
odologies. The automated derivation of accurate analytical re-
presentations of mechanically-complex analyzers facilitate investiga-
tions and optimizations on these devices, driven by the diverse range of
well-established analytical techniques developed to date. It is also no-
table that the proposed method is readily applicable on other problems
involving linear partial differential equations with minimal modifica-
tion, and may thus be of broad-ranging interest.
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Fig. 5. Plots of the mean relative energy resolution of (a) PRMA, (b) RMA, and (c) PCMA energy analyzers against the adaptive Levenberg-Marquardt optimization
algorithm iteration number. The analytical field was used for the optimization process, greatly improving computation speed. For (a) and (b), results for = ± 2
and = ± 3 are shown; for (c), results for = ± 16 mrad are shown.
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