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Abstract A minimalistic multi-agent Parrondo’s game
structure with branching dependent on local capital
spread was previously introduced, indicating that
stochastically mixing two losing games can produce winning outcomes with bounded capital variance
among players. Using a similar game structure, we
unveil further intriguing behavior that a bias toward
selfish exploitative behavior, involving redistribution of
capital from the poor to the rich, leads to counterintuitive superior capital gains than cooperative behaviors.
Inter-agent interactions of exploitative nature not only
maximizes capital growth in winning scenarios, but
also expands the parameter space over which the Parrondo effect may manifest. These novel findings suggest a link between growth maximization and inequality that could be relevant to socioeconomic, ecological,
and population dynamics modeling. We also present
a theoretical framework for enhanced accuracy in the
prediction of ensemble capital statistics.
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1 Introduction
Human social behavior involves a complex interplay
of contrasting patterns, between one of altruistic cooperative nature, in which an individual shares benefits
and risks with others, trading competitive advantage
for a united effort and an elevation of welfare of the
entire group, and one of relative selfishness, in which
priority is given to individual growth at the potential expense of others [1,2]. Economic theories often
assume consumers to be rational and always acting in
self-interest [3], and the mechanism of natural selection
provides strong incentives for biological organisms to
preserve individual competitive advantage against others; yet game theory suggests that herd behavior can
be advantageous in diversifying risks [4], and human
society typically glorifies selflessness as a desirable
virtue. Reconciling cooperative and exploitative behavior implicates a key question—when and where are
they each superior, and what are the trade-offs involved
when choosing between them?
Another seemingly contradictory phenomenon is the
game-theoretic Parrondo’s paradox, in which two losing strategies can be combined to produce winning outcomes [5–7]. The canonical game structure involves
two games played by a single player, in either random or
deterministic order; the first game provides stochastic
perturbations, so that periodic asymmetry in the second
can be repeatedly utilized for a ratcheting effect. This
agitation-ratcheting mechanism is analogous to flash-
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ing Brownian ratchets [8–10], and is responsible for the
paradoxical outcomes. Generalizations of the mechanism have since been proposed, including historydependent variants with game branching dependent on
past outcomes [7], and multi-agent variants [11,12]. A
wide range of phenomena has been understood under
the framework of the Parrondo’s paradox, such as the
emergence of stable states within chaos [13–17], bulk
drifts in granular and diffusive flow [18,19], entropic
phenomena in information thermodynamics [20–22],
and eco-evolutionary processes in biological life [23–
29]. Manifestations of the paradoxical effect in quantum systems [30–33] have also been discovered, hinting
applicability in quantum information processing [34–
40], and relevance has also been established in reliability analysis [41] and nonlinear switching problems
[42–45].
Existing literature on the Parrondo’s paradox has
focused on the dynamics of the capital mean and
has largely ignored capital spread. This lacuna was
addressed in a recent study [46], in which a multiagent game structure with progression dependent on
local capital inequality was introduced. The possibility
of doubly anomalous outcomes, in which paradoxical
wins are accompanied by the simultaneous suppression
of inter-agent capital variance, was observed, establishing new ties between the Parrondo framework and sustainability and inequality in ecological and socioeconomic systems. The structure was developed to model
a mix of individualistic and social behavior [46–48],
thereby making it an excellent basis for investigation
into social and populational dynamics.
In this paper, we adapt the proposed game structure
to investigate the interplay between cooperative and
exploitative social behavior in multi-agent networks,
across a multitude of network topologies. Intriguingly, it is found that selfish exploitative behavior can
yield greater capital gains for the ensemble than the
altruistic cooperative alternatives in specific regimes,
and that the Parrondo-paradoxical parameter space is
also skewed toward exploitative regions. In opposing regimes, exploitative behavior can instead lead
to greater capital losses, in what can be interpreted
as a destabilizing factor in ensemble dynamics. This
effect becomes more pronounced when the ensemble
size is increased, but is largely independent of connectivity topology, thus suggesting general applicability across differing real-world networks. We also
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Fig. 1 The considered asynchronous game structure. The
branching structure in Game B is dependent on the capital difference  between the participating agent and the mean of his
neighbors, p, p  ± κ, α − β and their complements are the
winning/losing outcome probabilities in each round, and ξ , ξ1
and ξ2 are the capital increments/decrements applied

present an improved analytical framework yielding
greater accuracy in capital statistics predictions.
2 Game structure
We consider an ensemble of N p agents on a simple
undirected graph G, whose edges represent the interagent connections. N (P) denotes the neighborhood of
agent P ∈ V (G), d(P) denotes the degree of P, and
C(P) denotes the capital of P. The degree distribution
of G is dependent on its topology, with the average
degree of vertices denoted m.
The game structure is illustrated in Fig. 1. All agents
start with zero capital; at each game round, a single
agent Pn ∈ G is chosen at random to participate, playing either Game A or B with probabilities γ and (1−γ ),
respectively. Due to the independent nature of Game A,
we can consider it a heuristic representation of individualistic activity; conversely, Game B presents branching
dependent upon local capital spread and hence can be
considered a representation of inter-agent social interactions, with the degree of cooperative and exploitative
tendency characterized by parameters β and κ. Negative feedback is introduced in the central branch when
β > 0, such that richer agents tend to lose capital
upon interaction, and poorer ones tend to gain capital. This reduces capital spread, effectively represent-
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ing a cooperative tendency. Conversely, β < 0 results
in exploitative positive feedback that widens capital
spread. Likewise, κ controls capital redistribution in
the extremal branches, with positive and negative values corresponding to exploitative and cooperative interactive tendencies, respectively. Further implications of
the game structure are discussed in Sect. 4 alongside
theoretical and simulation results.

differs from v(n), due to the limited connectivity of
agents and the asynchronicity of the games [49]. At
each round, agents not selected to participate will
have unchanged capital—agents therefore have capitals belonging to the Pn (k) distribution of the round in
which they last played. The local capital mean v ∗ (n)
[46] can hence be computed as an expectation value:
n

∗

v (n) =
l=1

3 Theoretical analysis

m
Np

1−

m
Np

n−l

v(l).

(3)

With X = max (ξ, ξ1 , ξ2 ), the global statistics are
We first seek an analytical description of ensemble capital statistics under such a game structure. Let superscripts A, B, and M denote quantities pertaining specifically to Game A, Game B, and stochastically mixed
games, respectively. When Game A is individually
played, the global capital mean v A (n) and standard
deviation s A (n) at round n can be expressed in closed
form as

Xn

v(n) =

k Pn (k),

(4a)

k=−X n
Xn

[k − v(n)]2 Pn (k).

s 2 (n) =

(4b)

k=−X n



Pn (k) = (N p − 1)Pn−1 (k) + γ p Pn−1 (k − ξ ) + (1 − p)



N p,
Pn−1 (k + ξ ) + (1 − γ ) In+ + In− + In0

Setting γ = 0 in Eq. (2) models a pure Game B
sequence, and 0 < γ < 1 models stochastically mixed
games. At the same time, Eq. (1) provides closedform solutions for a pure Game A sequence. The capital statistics for any game configuration can thus be
described.
We now discuss several improvements that can be
made to this analytical description. First, we may treat
v ∗ (n) more accurately as a distribution. While satisfactory accuracy was observed in the original model [46]
utilizing the expected mean of v ∗ (n) to determine game
branching (encoded in Q ± and Q 0 ), the distribution of
v ∗ (n) is in general neither symmetric nor tightly clustered, and this hence was only an approximation. Modifying the theoretical framework to accommodate the
full distribution of the mean capital of neighbors v ∗ (n)
in place of an averaged value will yield enhanced accuracy. The distribution of vn∗ (k) can be computed as a
convolution:


In± = Q ±
n−1 (k − ξ1 )( p ± κ)Pn−1 (k − ξ1 )

+ Q±
n−1 (k + ξ1 )(1 − p ∓ κ)Pn−1 (k + ξ1 ),

vn∗ (k)

nξ
(2 p − 1),
Np

ξ
n(N p − (2 p − 1)2 ).
s A (n) =
Np

v A (n) =

(1a)
(1b)

The capital statistics in stochastically mixed games,
on the other hand, can be described recursively. We first
review the original results [46] as follows. We denote
the probability of having k capital on round n as Pn (k),
and define auxiliary functions f ± (x) = H (±x) and
gl± (x) = H (|lx | − )H (±lx ) where H is the Heaviside step function. The initial zero-capital condition of
the games imply Pn (k) = 1 for n = k = 0 and Pn (k) =
0 whenever n = 0, k = 0. For all other cases, we have

k−ξ
In0 = Q 0n−1 (k − ξ2 )(α − βn−12 )Pn−1 (k − ξ2 )
k+ξ
+ Q 0n−1 (k + ξ2 )(1 − α + βn−12 )Pn−1 (k + ξ2 ),

Q±
n (z)

gn± (z)

Q 0n (z)

f + (

m


=
k= m1

(2)

|nz |)

where
≡
and
≡
−
encode the branch of Game B activated. As follows
from the game structure, we have kn = k − v ∗ (n),
where v ∗ (n) is the local capital mean among the neighbors of the participating agent Pn . In general, v ∗ (n)

Pn∗ (k) =

n
l=1

m
i=1 z i

1
Np


Pn∗ (z i )

,

(5a)

i=1

1−

1
Np

n−l

Pl (k).

(5b)

The branch functions are then expressed
∗
∗
Q−
n (k) = Vn (X n) − Vn (k +  + ),

∗
∗
Q+
n (k) = Vn (k −  − ) − Vn (−X n),
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Fig. 2 Plot of relative error E = |(v I − v S )/(v O − v S )|, where
subscripts O, I and S denote quantities pertaining to the original
theory, improved theory, and simulations, respectively. Two sets
of results are presented, with p  = 0.10, κ = 0.12,  = 12 (solid
line) and p  = 0.40, κ = 0.26,  = 8 (dashed line). All other
parameters are identical at p = α = 0.495, ξ = 3, β = 0.0135,
ξ1 = ξ2 = 1, γ = 0.5, N p = 30 and m = 8. Simulations
were run on random regular connectivity graphs, averaged over
108 repetitions. Note that the relative error profiles for both sets
of parameters are similar in shape, but the solid line exhibits a
comparatively slower rate of change
−
Q 0n (k) = 1 − Q +
n (k) − Q n (k),

(6)

k
∗
where Vn∗ (k) = l=−X
n vn (l) is the cumulative prob∗
ability distribution of vn (k) and = min (ξ, ξ1 , ξ2 )/m.
By substituting Q ± and Q 0 in Eq. (6) into Eq. (2),

improved accuracy can be achieved. We compare
the original and the improved theoretical models in
Fig. 2 across different parameter combinations, indeed
observing significant reductions in the fractional error
of analytical predictions of 80% or greater at n =
5000. The enhanced accuracy in modeling stochastically mixed games is hence apparent. This, however, is
at the expense of computational complexity. The convolution for v ∗ (n) in Eq. (5a) introduces an additional
O(n 2 m) time per game round, which restricts the feasibility of utilizing the new framework for very large n.
4 Results
4.1 Preliminaries
A multitude of network topologies is investigated,
including random regular connectivity graphs as a simplistic baseline. Nonetheless, most multi-agent systems
in the real world are more appropriately modeled using
arbitrary-degree random, scale-free, or small-world
networks, or an interpolation between the three [50–
55]. We therefore include in our study these generalized
graph structures, using the Erdős–Rényi and Barabási–
Albert generative algorithms [56,57] to construct ran-
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Fig. 3 Plot of v(n) for mixed and pure games from simulations,
for p  = 0.90 (solid lines) and p  = 0.54 (dashed lines), exhibiting the strong and weak Parrondo effects respectively. Model
parameters are p = α = 0.495, κ = 0.2, β = 0.0135, ξ = 3,
ξ1 = ξ2 = 1,  = 25, and γ = 0.5. Simulations were run on
N p = 100, m = 30 scale-free networks, with results averaged
over 106 repetitions

dom and scale-free graphs, respectively, and the Watts–
Strogatz model [58] to construct small-world networks.
In the analysis of our results, we also discern
between the strong and weak Parrondo effects [11,59].
The former refers to the mixing of two losing games
to yield a winning outcome (v M (n) > 0, v A (n) <
0, v B (n) < 0), whereas the latter requires only that the
capital mean be improved, without the need for a win
(v M (n) > v A (n), v M (n) > v B (n)). Numerical simulations of the game structure reveal the presence of
both strong and weak Parrondo effects under different
conditions, as shown in Fig. 3.
4.2 Ensemble dynamics
We now discuss an intriguing counterintuitive behavior
exhibited in the game structure—that the prevalence
of selfish, exploitative interactions results in greater
ensemble-averaged capital gains as compared to the
cooperative alternatives. We present in Fig. 4 simulation results of capital mean in p  –κ parameter space
across different network topologies, alongside theoretical predictions (Sect. 3). Regions of strong and weak
Parrondo effects are demarcated in these plots by red
boundaries. The close agreement between the simulations and analytical theory can clearly be observed.
It is, firstly, clear that larger values of p  result in
increased ensemble-averaged capital, across the entire
spectrum of redistribution bias κ. Since p  dictates
the chance of capital gain in the extremal branches of
Game B, this trend is indeed expected, and corroborates the interpretation of p  and κ as the averaged
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Fig. 4 Simulation results for different connectivity topologies
across p  -κ parameter space. All other parameters are kept identical at p = α = 0.495, ξ = 3, β = 0.0135, ξ1 = ξ2 = 1,
 = 30, γ = 0.5, and m = 10. These simulations were run
for n = 80,000 game rounds, with results averaged over 50,000
repetitions. The interiors of the dotted black squares represent

where 0 ≤ ( p  ± κ) ≤ 1 is satisfied. Dotted and solid red lines
 and p  of weak and strong Parrondo
denote the boundaries pW
S
 are non-paradoxical,
effects respectively. Regions with p  < pW



regions in pW ≤ p < pS are weak-paradoxical, and regions in
pS ≤ p  are strong-paradoxical

and differential capital benefits of inter-agent interactions, respectively [46]. Furthermore, extremal values of κ result in reduced mean capital at large p  ,
where mixed games are winning (v M > 0), but produce increased mean capital at small p  , where mixed
games are losing (v M < 0)—this reflects a suppression effect from κ whenever interactions are too cooperative or exploitative. Examining the model structure
described in Sect. 2, this phenomenon can be understood to be consequent of the formation of a precursor
splinter group when interactions deviate from neutrality, followed by inter-group migration that arrests further capital growth or loss. For large p  , the first group
of agents that have  >  may gain capital from Game
B and form a small splinter cluster of above-average
wealth; the majority of agents will thus activate the
lower branch ( < −). This yields capital increment
when κ is small, and the wealthy cluster grows while
leaving behind a small group of poor agents; from here
the upper branch ( > ) dominates, leading to sustained losing tendencies and therefore a suppression of
capital growth. On the other hand, when κ is large, the
small group of rich agents remains as the majority loses
capital, and the lower branch ( < −) then dominates to yield losing tendencies and again a suppression

of capital growth. By symmetry, a similar mechanism
explains the suppressed capital loss for small p  .
The suppression effect of large |κ| implies the existence of some intermediate value where capital gain is
the greatest when p  > 0. Strikingly, it can be observed
that the regions of maximum capital gain all lie on the
right-hand (κ > 0) domains of the graphs, canonically
representing exploitative interactive behaviors. Cooperative behaviors, on the other hand, result in suboptimal ensemble-averaged capital. In other words, interagent interactions with redistribution bias that actively
increase capital spread produce superior emergent capital growth, as compared to interactions favouring equality. Moreover, regions of strong and weak Parrondo
effect are also skewed toward κ > 0, suggesting that
exploitative interactions are more conducive for paradoxical growth, in situations where both pure games
alone lead to ensemble-averaged capital loss.
Exploitative behavior, in fact, results not only in
maximal capital gain when p  is large, but also in maximal capital loss when p  is small, as can be seen from
the consistent skewing of capital loss regions toward
κ > 0 in Fig. 4. Succinctly, exploitative interactions
within this intermediate range lead to more extreme
outcomes than cooperative ones, in what can be interpreted as a destabilization of the ensemble with exac-

123

948

J. M. Koh, K. H. Cheong

Fig. 6 Distinctive degree distribution characteristics of random regular, random, scale-free, and small-world topologies as
extracted from simulations, for N p = 300

Fig. 5 Plots of normalized ensemble-averaged capital v † against
κ for different N p and p  . a p  = 0.80 (solid lines), p  = 0.75
(fine dashed lines), and p  = 0.75 (coarse dashed lines) are
shown, and b p  = 0.20 (solid lines), p  = 0.25 (fine dashed
lines), and p  = 0.30 (coarse dashed lines) are shown. All other
parameters are consistent with those in Fig. 4. Normalization of
v † is such that the maximum or minimum plotted v † for each
ensemble size N p is, respectively, 1 or − 1. Maximum and minimum points are highlighted with diamonds. Extremum points
all lie in κ > 0, with more pronounced skewing for larger N p

erbated capital decline when the stochastically mixed
game is losing and enhanced capital growth when the
game is winning. The maximal points of capital gain
and loss for different p  are shown in Fig. 5, showing furthermore that this skewing becomes more pronounced as the ensemble size N p increases.
This correlation between emergent inequity and
growth may be of relevance in explaining persistent socioeconomic inequalities in human society [60,
61]—namely, that unconstrained methods of maximizing growth naturally lead to inequality, as had been
analogously observed in our results. It appears that
inequality and growth are inseparable in a vast diversity of natural systems, and optimizing either inevitably
compromises the other. For instance, rapid actuation
rates often necessitate stringent closed feedback in control theory [62], to suppress destabilizing perturbations,
and in ecology, sudden population proliferation is often
accompanied by surges in genetic and sub-population
welfare variability. It is also notable that in an ecological interpretation of the game structure, the exploitative
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interaction heuristic closely parallels predatory behavior in wildlife, where individuals of lower fitness are
preyed upon by fitter competitors and either further
weakened or eliminated. The results imply that the
prevalence of such behavior is conducive for paradoxical, potentially maximal, ecosystem-averaged populational growth, in which proliferation is achieved
even in the midst of disadvantageous conditions. The
exploitative nature of natural selection and inequalityaided Parrondo effects may therefore form a synergistic mechanistic pair in evolution and ecological persistence.
Lastly, it is apparent that all of the discussed
phenomena—the occurrence of the weak and strong
Parrondo effects, the suppression effect at large |κ|, and
the skewing of maximal capital growth toward interactions of exploitative nature—are extremely consistent across the four investigated connectivity topologies, despite them having very different degree distributions (Fig. 6). Random regular graphs have m
neighbors on every vertex, random and scale-free networks exhibit binomial and power-law degree distributions, respectively, and small-world networks have
distance between nodes that grows approximately as
the logarithm of the network size, but the results are
notably observed to be independent of these differences to a large extent, with similar ensemble-averaged
capital across p  –κ space and Parrondo-paradoxical
regions. This suggests great generality of the results
over arbitrary topologies, and since most networks
modeling physical and sociobiological systems are
well-described by either one or a combination of these
investigated topologies, good relevance is expected for
real-world systems.

Emergent preeminence of selfishness

5 Conclusion
We have presented several important results in the
present study. Firstly, we have derived a novel theoretical framework that captures the full distribution of
the local capital mean, thereby yielding accurate modeling of capital statistics for general game configurations. Due to the computational complexity involved,
the feasibility of utilizing the framework is constrained
by the number of rounds n.
Secondly, we have revealed an intriguing observation that a prevalence of selfish exploitative interactions
result in superior ensemble-averaged capital growth, in
comparison with cooperative alternatives. Moreover,
exploitative tendencies are also conducive for the manifestation of the strong and weak Parrondo-paradoxical
effects, enabling growth in the ensemble even when
pure individualistic and inter-agent social interactive
behaviors (pure games) are individually losing. Overall, extremal exploitative and cooperative tendencies
(large |κ|) tend to suppress capital growth or loss,
but within an intermediate region skewed toward an
exploitative nature (κ > 0), capital growth or loss is
maximized. This emergent connection between capital growth and inequity draws a parallel to persistent
inequality in ecological and anthropological systems
[63]; furthermore, inequality-aided Parrondo effects,
suggested to be amplified by exploitative predator
mechanics, may play important roles in biological evolutionary processes.
Lastly, the independence of the observed results
against the range of investigated connectivity topologies, in spite of the distinctively different degree distributions of each, suggests strong transparency of the
model to coupling specifics. Our results are hence
expected to be relevant to a wide range of networked
systems modeling physical, biological, or social systems. In addition to the obvious link to socioeconomic
dynamics, stemming from the close analogy between
the game structure and social behavioral heuristics, our
results are also likely pertinent to a variety of other areas
where ensemble cohesiveness or synchrony is of interest, for instance in the reliability analysis of networked
systems, and the modeling of self-ordering automata
and swarm robotics.
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