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Abstract The dynamics of a spherical pendulum with
a horizontally rotating support, exhibiting regimes of
intriguing lagging behaviour in the presence of aerodynamic drag, is analysed in the present study. The
dynamic equilibria of the pendulum are derived through
both numerical and analytical means, with excellent
experiment agreement across key system parameters.
System attractors indicate the critical role played by
drag in convergence towards the various equilibria. The
stability of the various equilibria is also investigated.
Interestingly, one of the folded states is found to be
dynamically stabilized by the Coriolis force, with the
resulting stability bound by a saddle-node bifurcation
from below and a Hamiltonian Hopf bifurcation from
above; multiple limit cycles are discovered past the
Hopf point. Lastly, a theoretical analogy between the
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pendulum system and the triangular L4 /L5 Lagrange
points in celestial mechanics is identified. The presented results are of relevance to crane systems and
the mechanical modelling of cable or truss-supported
structures.
Keywords Bifurcation · Pendulum · Dynamic
equilibria · Aerodynamic drag · Coriolis-stabilized

1 Introduction
Coupled pendulum systems are useful models for a
wide variety of mechanical systems. Prominent examples include the tuned mass damper and centrifugal absorbers in engineering [1–5], multi-segment
inverted pendulums in nonlinear control theory [6–9]
and bipedal mobility modelling [10–14], the double
pendulum and oscillator arrays in chaos analysis [15–
18], and parametrically excited pendulums exhibiting bifurcation and resonance behaviour [19–22]. In
this paper, we analyse the dynamics of a spherical
pendulum attached to a horizontal moving support,
herein termed the lagging pendulum, demonstrating the
effects of aerodynamic drag on the attractors of the system and the Coriolis-stabilized nature of certain equilibrium states, alongside comprehensive experimental
verification of the developed theoretical model.
The considered system is a close analogue to rotary
tower cranes [23–25], widely used in construction and
engineering industries. The articulated arm of these
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cranes presents an additional rotational degree of freedom, in addition to those of the hanging payload. In
typical cases where the elasticity of load-bearing elements, such as the crane boom and cables, is weak,
the system may be reduced to a point mass supported
by a moving-anchor inextensible cable, as considered
here. The non-linearized dynamics of the system are of
relevance to crane load control and path planning problems [25–28]; by extension, the phase space behaviour
investigated is also of importance to the engineering
of swing rides, cable-stayed bridges, and towers with
cable- and truss-supported structures, whose dynamical response bears similarities to the pendulum system
[29].
Intriguingly, it is also found that the Coriolisstabilized equilibrium of the lagging pendulum system closely parallels the L4 /L5 Lagrange points of
a two-body celestial system [30–32]. Both systems
undergo a Hamiltonian Hopf bifurcation when specific
stability conditions are exceeded; while satellites at the
L4 /L5 Lagrange points exhibit a period-doubling cascade leading to chaotic behaviour, the lagging pendulum is discovered to yield multiple negative-tension
limit cycles without exhibiting chaos. The lagging pendulum system is a clear demonstration of the emergence
of stable equilibria at positions of apparent potential
maxima through stabilization by the Coriolis force and
is therefore an ideal physical system for the study of
such celestial mechanics.
Section 2 details the experiment set-up and data
acquisition techniques. Section 3 develops the theoretical model of the lagging pendulum with aerodynamic
drag, and Sect. 4 presents a stability analysis through
both analytical and numerical means. The Hamiltonian
Hopf bifurcation leading to instability is investigated in
Sect. 5, and the congruence to L4 /L5 Lagrange points
in celestial mechanics is discussed in Sect. 6.
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Fig. 1 Schematics of the lagging pendulum system. a The rotating coordinate system chosen and b the various dynamic equilibria exhibited

Fig. 2 Photographs of the experimental set-up

degrees of freedom θ and φ were independently measured using high-speed cameras at 1000 fps, while a
third camera was attached to the rotating support to
track the pendulum’s motion in the rotating frame at
120 fps.

3 Dynamic equilibria
In the frame of the support, rotating at angular velocity
 = ẑ with respect to the inertial frame, the equation
of motion of the pendulum bob is

2 Experimental set-up

m r̈ = T ˆ − mgẑ − m × ( × r) − 2m × ṙ,

A lagging pendulum experiment set-up was constructed as shown in Fig. 1, with photographs of the
experimental set-up shown in Fig. 2. A horizontal metal
rod attached to the vertical shaft of a DC motor acted
as a rotating pivot from which a pendulum bob was
suspended with a light, inelastic thread. The angular
velocity of the pivot  was measured and regulated
with a laser tachometer to within ± 0.01 rpm. The two

where m and r are the mass and position vector of the
bob, respectively, g = 9.78 m/s2 is the gravitational
acceleration,  is the fixed string length, b is the support
length, T is the string tension, and ˆ ≡ (bx̂ − r)/.
The equations of motion in terms of the two degrees of
freedom θ and φ are therefore
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g
b2
cos φ + ( − φ̇)2 sin θ cos θ + sin θ = 0,



1

φ̈ sin θ − 2( − φ̇)θ̇ cos θ + b sin φ = 0.

(2)
The dynamic equilibria of the system are then found
by substituting θ̇ = θ̈ = φ̇ = φ̈ = 0, obtaining φ = 0
and
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by means of a saddle-node bifurcation. This bifurcation
behaviour is further investigated in Sects. 4 and 5.
Figure 3 shows a plot of the three equilibrium angles
against . As will be discussed in Sect. 4, the equilibria e0 and e1 may be stable, while e2 is linearly
unstable and thus not observable in experiments. As
such, only experimental results for θe0 and θe1 are presented; a close agreement with the theoretical prediction is observed. Notably, lim→∞ θe0 = π/2 and
lim→∞ θe2 = −π/2 as centrifugal forces push the
pendulum outward into an increasingly wider orbit. It is
worth noting that lim→∞ θe1 = − arcsin b/ ≡ ζ as
the pendulum swings closer to the rotational axis, counteracting the increased angular frequency and maintaining equilibrium between centrifugal and gravitational
torques.

)

Fig. 3 Bifurcation diagram showing the dynamic equilibrium
angles θe0 , θe1 and θe2 for b = 15 cm,  = 47 cm, and the
saddle-node bifurcation at SN . Theoretical predictions (lines)
are for an ideal system of negligible drag; inclusion of drag does
not change θe appreciably. Experiment data (markers) are also
shown
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This yields up to
where A = b/ and B =
three unique solutions for −π/2 ≤ θ ≤ π/2 which
correspond to steadily rotating trajectories of the pendulum in the inertial frame. As shown in Fig. 1b, these
equilibrium angles θe are denoted such that −π/2 <
θe2 ≤ θe1 < 0 ≤ θe0 < π/2. For the e0 equilibrium,
the pendulum’s motion is simply extended beyond the
pivot’s circular path of radius b. When b/ < 1, there
may exist up to two additional folded states e1 and e2
characterized by π/2 < φe < 3π/2 with θe > 0 or
equivalently −π/2 < φe < π/2 with θe < 0, wherein
the pendulum crosses the rotational axis and appears to
lag behind the pivot.
Analysis of Eq. (3) reveals that θe0 exists for all ,
while the folded angles θe1 and θe2 only appear at a
critical angular frequency SN given when Eq. (3) and
its derivative with respect to θ are simultaneously satisfied,
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Fig. 4 a Plot of θe0 against b for  = 47 cm and  = 5.00 rad/s,
and b plot of θe0 against  for b = 10 cm and  = 5.04 rad/s,
both for an ideal system of negligible drag. With drag accounted,
c and d plot φe0 and φe1 , respectively, against  for b = 22 cm,
 = 55 cm, where μ1 and μ2 are given by κ = 200 (see Fig. 5),
and solid and dotted lines represent numerical solutions and analytic approximations, respectively. Error between numerical and
analytic solutions is < 0.6% throughout

Additional experiments show the effects of changing
support and thread lengths (b and , respectively) on
θe0 —see Fig. 4a for a plot of θe0 against b and Fig. 4b for
a plot of θe0 against . For both graphs, a monotonically
increasing trend due to increasing centrifugal torque is
expected and verified experimentally.
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Fig. 5 Basins of attraction for m = 19 g, b = 15 cm,  = 55 cm,  = 9 rad/s, μ1 = κ · 1.52 mg/s and μ2 = κ · 4.56 mg/m. The
experimentally determined drag coefficients correspond to κ = 200. Lighter areas represent e0 , darker areas e1

Aerodynamic drag on the lagging pendulum is
accounted for with the modified equation of motion
ˆ
m r̈ = T −mgẑ−m×(×r)−2m×
ṙ+Fdrag , (5)
where Fdrag = −μ1 v − μ2
is the drag force,
accounting for the possible laminar and turbulent drag
on the pendulum string and bob, v =  × r + ṙ is the
velocity vector, and μ1 and μ2 are the drag coefficients
of the system. A characterization constant κ normalizes μ1 and μ2 to experimental values for brevity, as
shown in Fig. 5. The dynamic equilibria of the system
are again found by substituting θ̇ = θ̈ = φ̇ = φ̈ = 0,
and numerically solving for θe and φe . While the effect
of aerodynamic drag does not change θe appreciably, it
results in appreciable nonzero values of φe . For φe  1,
it is possible to obtain an analytic approximation

Fdrag
•

|v|2 v̂

φe ≈ −

reff
(μ1 ± μ2 reff ),
mb

(6)

where reff = b +  sin θe , θe satisfies Eq. (3), and
the + and − solutions represent φe0 and φe1 , respectively. It is interesting to note that lim→∞ φe0 =
−(b + )2 μ2 /mb, which is equal to the result obtained
through force balance assuming θe0 = π/2 and φe0 
1. Furthermore, lim→∞ φe1 = 0, which is intuitive
since θe1 = − arcsin b/ and the pendulum is stationary in the inertial frame and not drag-effected.
Figure 4c, d presents φe0 and φe1 against . The former was verified experimentally, while the latter suffers
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Fig. 6 Free-body diagram of e0 and e1 equilibria as projected
onto the x y−plane, explaining the counter-intuitive position of
a drag-effected lagging pendulum

from its small order of magnitude. Note the negative
values of φe0 , which indicate that the drag force pushes
the pendulum in the opposite direction to its motion in
the rotating frame, as is expected.
Counter-intuitive, however, are the positive values
predicted for φe1 , which suggest that aerodynamic drag
reduces the lag of the pendulum bob behind the pivot.
This phenomenon may be understood by examining the
free-body diagram for this configuration, as shown in
Fig. 6. Due to the tension T , constrained to act along
the string, having to balance both the centrifugal Fc
and drag forces Fdrag , the pendulum must strictly lag
with φ > 0 in order to maintain an equilibrium in the
x y−plane.
A further effect of drag is that the formerly neutrally
stable equilibria e0 and e1 are turned into asymptoti-
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cally stable attractors; their relative strength is determined by the drag coefficients μ1 and μ2 . Figure 5
shows a series of basins of attraction of the system in
the phase space of the rotating frame, for increasing
aerodynamic drag. Even at low drag conditions, there
exist regions within which the pendulum is attracted
to e1 ; while at high drag coefficients, e1 dominates the
entire considered phase space.
Fig. 7 Phase plot of stability regions of e1 for the dimensionless parameters b/l and 2 b/g. Note the critical b/ ratio
ξ = (4/5)3/2 ≈ 0.716, above which no stable solutions for e1
exist

4 Stability analysis
4.1 Linear stability analysis
The stability of the three dynamic equilibria is first analysed without aerodynamic drag, in order to admit analytical solutions. The linearized equations of motion
about the equilibria computed in Eq. (3) may be written in Jacobian form:
⎛ ⎞ ⎡
⎤ ⎛ ⎞
0
1
0
0
φ
φ̇
⎜φ̈ ⎟ ⎢J21
⎥ ⎜φ̇ ⎟
0
0
J
24
⎜ ⎟=⎢
⎥ × ⎜ ⎟;
⎝ θ̇ ⎠ ⎣ 0
0
0
1 ⎦ ⎝θ ⎠
θ̈
0
θ̇
0 J42 J43
b2
, J24 = 2 cot θ,
 sin θ
= −2 sin θ cos θ,


b
.
= −2 sin2 θ +
 sin θ

J21 = −
J42
J43

(7)

Solving the characteristic equation from the eigenvalue
problem of Eq. (7) yields



λ = ± −α ± α 2 − β;


b
b4
3
+ sin θ ,
β=
 sin2 θ 


2
b
2 1 + 3 cos θ
+
,
α=
2
 sin θ

derivation details) and  ∈ (SN , HH ). Specifically, the upper bound HH is characterized by the
conditions
α 2 − β = 0 and α > 0.

Indeed, certain parameter regimes in which the e1
orbit may be observed were noted within experiments.
Figure 7 shows a phase plot showing the stability
regions of e1 . A strong agreement with experiments
is evident along all major boundaries, reflecting the
strengths in our set-up and the accuracy of the model.
Nonetheless, aerodynamic drag can be included for
greater accuracy. This is achieved by computing the
Jacobian of Eq. (5), in similar fashion as was done for
the drag-less case, to derive the characteristic equation
λ4 + C1 λ3 + C2 λ2 + C3 λ + C4 = 0,

(8)

where λ is the eigenfrequency of the system. It is clear
that e0 is linearly stable since θ > 0 always yields two
pairs of imaginary eigenvalues. Furthermore, it may be
inferred from the result in Eq. (4) that b/ < | sin3 θe2 |,
and thus e2 is always unstable with nonzero pairs of real
and imaginary eigenvalues. These results are congruent
to experimental observations.
On the other hand, e1 is found to be stable given
b/ < (4/5)3/2 (see “Appendix A” section for

(9)

(10)

where Ci are coefficients to be determined, dependent
on , μ1 , μ2 and geometric parameters. Analytical
solutions to eigenvalue λ are no longer feasible, and
numerical approaches must be employed.

4.2 Numerical simulation
Linear stability analysis accurately predicts the stability regions of the pendulum, but it can be shown that a
scalar potential analysis fails (see “Appendix B” section
for details), in particular for the e1 equilibrium. This
indicates that conservative forces, such as the gravitational and centrifugal force, cannot be responsible for
the stability of the e1 equilibrium. In a state of dynamic
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Table 1 Eigenvalues and DFT peaks for Fig. 8c
Eq. (8)

Eq. (10)

Sim.

Expt.

0 ± 6.68i

− 0.000617 ± 6.68i

6.66 ± 0.03

6.79 ± 0.27

0 ± 13.21i − 0.000608 ± 13.21i 13.23 ± 0.03 13.30 ± 0.27

(a)

(b)
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Fig. 8 Sample a simulated and b experimental perturbed trajectory about e1 for b = 15 cm,  = 75 cm and  = 10.22 rad/s,
projected onto the x y−plane and viewed in the rotating frame.
The e1 equilibrium position and bob are depicted by black and
red dots, respectively. Red arrows represent the resultant of tension, gravitational and centrifugal forces; black arrows represent
the Coriolis force. Clockwise oscillations about the equilibrium
point are noted. c Discrete Fourier transform (DFT) spectrum of x
for the trajectories is depicted. The imaginary components of the
eigenvalue pairs as calculated from Eqs. (8) and (10) are labelled
λ1 and λ2 and given in Table 1. A third minor experimental peak
is observed at ω ≈ 

equilibrium in the rotating frame, no Coriolis force acts
on the pendulum; however, non-conservative Coriolis
effects will be present upon perturbation from its equilibrium. As will be discussed, the Coriolis force acts to
return the bob to equilibrium, thereby stabilizing e1 .
The path dependence of the Coriolis force necessitates numerical simulations. Equation (5) was solved
with  ∈ (SN , HH ) and a slight initial perturbation
from the e1 equilibrium position.
Figure 8a shows a perturbed trajectory of the bob
about e1 projected onto the x y−plane. Clockwise oscillations of the bob about the e1 equilibrium are noted,
with the pendulum tracing a path resembling a looped
limacon with a slow precession about e1 . The Coriolis force acts orthogonally to the velocity vector of
the pendulum and points in the vicinity of e1 , therefore facilitating the observed oscillatory motion; on the
other hand, tension, gravity and centrifugal force collectively points away from the equilibrium, reflecting
their destabilizing nature. Over time, the oscillations
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about the equilibrium are damped out by aerodynamic
drag and the pendulum converges towards e1 —in fact,
this motion precisely characterizes the e1 regions in
the various basins of attraction in Fig. 5. Slight differences in the initial perturbations result in the minor
observed deviations between the simulated and experimental trajectories in Fig. 8a and b, respectively. Nevertheless, experimental observations on the pendulum
response upon slight perturbation shown in Fig. 8b
indeed reveals qualitatively similar motion of the bob,
in both trajectory shape and oscillation and precession
directions.
Fourier analysis on both simulated and experimental trajectories establishes further verification of the
current theory. Since the system has two degrees of
freedom, two frequency-domain peaks corresponding
to each pair of conjugate solutions to Eq. (8) can be
expected. A comparison between the simulated and
experimental discrete Fourier transform (DFT) spectra is shown in Fig. 8c. Table 1 lists the eigenvalues of
the system as computed from Eq. (8) neglecting drag,
from Eq. (10) with drag, as well as those observed from
the DFT performed on the simulated and experimental
trajectories in the rotating frame. A close agreement
across all four sets of values is evident, thus suggesting
the validity of the simulation. It can thereby be concluded that the Coriolis force is indeed the stabilizing
force of e1 . The third experimental peak observed is
attributed to minor levelling faults within the experimental set-up (of magnitude < 0.5◦ ) which could not
be completely eradicated.

5 Hamiltonian Hopf bifurcation
The results obtained in Sect. 4.1 suggest an upper bound
to the stability of e1 as  increases, given by HH in
Eq. (9). The loss of stability has been previously suggested to be due to a Hamiltonian Hopf bifurcation [25],
where a previously stable fixed point loses stability and
a periodic solution arises. The limited literature available on this phenomenon motivates further investiga-
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Table 2 Eigenvalues and DFT peaks for Fig. 9b

0

0

−0.2

−0.2

−0.4
−0.2

0

Eq. (10)

Simulation

± 0.45 ± 18.74i

− 0.45 ± 18.74i

18.72 ± 0.03

0.44 ± 18.74i

−0.4

0.2
0

Eq. (8)
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Fig. 9 Limit cycle bifurcating from e1 for b = 15 cm,  =
47 cm,  = 19.926 rad/s, HH ≈ 19.826 rad/s, μ1 = 4 g/s,
μ2 = 1.2 g/m, θ0 = θe1 and φ0 = θ̇0 = φ̇0 = 0 in a the
inertial frame and b the rotating frame. The original equilibrium
trajectory/point is depicted as a solid ellipse in a and a cross in b,
respectively. In c, the DFT spectrum of θ for the rotating-frame
trajectory is shown. The imaginary component of the conjugate
eigenvalue pairs calculated from Eqs. (8) and (10) is labelled λ
and given in Table 2. An additional harmonic peak at ω ≈ 2λ is
noted

tion into the nature of the pendulum’s behaviour in this
 > HH regime.
When  = HH + δ, a period-1 limit cycle
was found to bifurcate from the stable e1 equilibrium
point—this limit cycle, similar to e1 , is stabilized by the
Coriolis force. This trajectory was theoretically realized via numerical integration of Eq. (5) with small
damping coefficients, small δ ∼ 0.1 rad/s and initial conditions congruent to e1 . An important contribution of this paper is the admission of aerodynamic
drag, which enables the formation of the attracting limit
cycle—such limit cycle behaviour was therefore not
found in existing models neglecting drag [25]. Figure 9
shows plots of the limit cycle in physical space in both
inertial and rotating frames, alongside the DFT spectrum in the rotating frame for the simulated limit cycle
trajectory.
As shown in Table 2, the characteristic frequency
of rotating-frame oscillations of the limit cycle indeed
exhibits a good match against the imaginary component
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Fig. 10 a Bifurcation diagram for m = 19 g, b = 15 cm,  =
47 cm, μ1 = 4 g/s, μ2 = 1.2 g/m, with initial conditions θ0 =
θe1 + 10−8 and φ0 = θ̇0 = φ̇0 = 0, showing the effect of 
on attraction towards the e0 and e1 equilibria, as well as period1 and period-4 limit cycles. b Trajectory of the period-4 limit
cycle observed for  = 70 rad/s in the rotating frame, with the
original θe1 equilibrium depicted as a cross. c Corresponding
DFT spectrum of θ and φ. The imaginary component of the
conjugate eigenvalue pairs calculated from Eqs. (8) and (10) is
labelled λ and given in Table 3. Harmonic peaks due to nonlinear
effects are noted

of the two conjugate solutions to Eqs. (8) and (10). The
presence of additional small-magnitude harmonics is
also noted, attributable to nonlinear effects stemming
from the large-amplitude, non-sinusoidal limit cycle.
At greater  past the Hopf point (
HH ), the
formation of an additional period-4 limit cycle is discovered. Figure 10a presents a bifurcation diagram for
e1 across SN ≤   5HH . The period-4 limit cycle
was observed to appear at  ≈ 2.6HH , which may
be reached from initial conditions close to e1 . A sample period-4 limit cycle trajectory is shown in Fig. 10b,
while the corresponding DFT spectrum for both θ and φ
is plotted in Fig. 10c. Note from Fig. 10b that θ under-

123

928
Table 3 Eigenvalues and
DFT peaks for Fig. 10c
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Eq. (8)

Eq. (10)

Sim. (θ)

Sim. (φ)

± 15.05 ± 66.28i

− 15.15 ± 66.28i

16.08 ± 0.03

64.46 ± 0.03

14.94 ± 66.28i

goes a one full oscillation for every four oscillations
in φ; thus, the DFT peaks for θ are approximately 1/4
the frequency of those for φ. While there appears to be
some correlation between the eigenvalues of e1 and the
DFT peaks, no definitive conclusion about the nature
of the period-4 limit cycle ought to be drawn without a
higher-order stability analysis due its large amplitude
and proximity to neighbouring equilibria; additionally,
the large number of harmonics present suggests a significant degree of nonlinearity. No other limit cycles
or trajectories were found through simulation with the
same parameters.
Realistically, such period-1 and period-4 trajectories
cannot be observed in a string-bob pendulum system,
due to the negative string tension required to maintain
it. The resultant bouncing of the pendulum leads to an
outward spiralling into the e0 trajectory. It is thus verified that the lagging pendulum phenomenon may only
be observed for  ∈ (SN , HH ). Replacing the pendulum string with a rigid rod, however, can plausibly
allow these limit cycles to be observed.

6 Lagrange points analogue
The results detailed thus far illustrate remarkable conclusions regarding the stability of e1 , most notably, the
role of the Coriolis force as a stabilizer of a potential hill, and the Hopf bifurcation at a critical b/ ratio
of (4/5)3/2 leading to the formation of a limit cycle.
Such behaviour is notably similar to the motion of
small celestial bodies about the L4 /L5 Lagrange points
in rotating two-body systems. Further supporting this
analogue are mathematical similarities between the lagging pendulum system and the L4 /L5 Lagrange points
in linear stability analysis, in particular the Coriolis
terms (see “Appendix D” section for derivation details).
In the L4 /L5 Lagrange point systems, a critical mass
ratio defines the Hopf bifurcation point. Further increment of the mass ratio past the Hopf point results in a
period-doubling cascade leading to chaotic behaviour
in the Lagrange systems. A question of whether the
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lagging pendulum system similarly exhibits chaos past
HH hence arises—but our results suggest an absence
of chaos. The formation of period-1 and period-4 limit
cycles past the Hopf point has been discovered, but
both of them may be reached depending on initial conditions, which is atypical of period doubling. In general, the asymptotic behaviour of the system exhibited
a high degree of sensitivity to initial conditions, but
the system remains limited to the states described in
Fig. 10a, and there is therefore no evidence to suggest
chaos within the lagging pendulum system.
This, notably, is contrary to results in the related literature [25]. The difference arises because the formation of attracting limit cycles is contingent upon aerodynamic drag, and behaviour when  ≥ HH therefore cannot be reasonably investigated with a drag-less
simplifying assumption, as was adopted in the prior
literature.

7 Conclusion
This paper has presented a dynamical analysis of a
moving-support spherical pendulum, which exhibits
regimes of lagging behaviour in the presence of aerodynamic drag. The dynamic equilibrium positions of the
pendulum yielding steadily rotating solutions had been
derived through both numerical and approximate analytic approaches, with excellent experimental agreement across varying angular frequencies and geometric parameters. In particular, a saddle-node bifurcation
at a critical angular frequency gives rise to two folded
states in addition to the trivial solution. The stability of
the various equilibria had also been analysed through
eigenvalue analysis, with consistent results evident for
the stable e0 and e1 and linearly unstable e2 equilibria.
Interestingly, e1 was found to be Coriolis-stabilized,
resulting in oscillation and precession of the pendulum
about the equilibrium position at the two eigenfrequencies of the system; such a mechanism had been concretely verified via Fourier analysis on experiments.
The stability of e1 is bound from below by the saddle-
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Appendix A: Stability threshold for θe1
A derivation similar to Ghigliazza and Holmes [25]
is followed. At the saddle-node bifurcation, q ≡
b/ = − sin3 θ . The stability threshold for θe1 occurs
when the eigenvalues in Eq. (8) are degenerate, dis√
regarding sign; this occurs when p ≡ α − β =
0, with solution q = (4/5)3/2 ≡ ξ . Recall that
lim→∞ θe1 = − arcsin b/ = ζ , and therefore
1/3 ≤ − sin θ < b/. When q > ξ , p < 0 ∀ θ ∈
(b/)


− arcsin b/, − arcsin (b/)1/3 , as can be deduced by
noting that p  (θ ) < 0 within the same domain. This
yields complex eigenvalues and indicates instability.
On the other hand, q < ξ yields imaginary eigenvalues
and indicates stability.

Appendix B: Potential stability analysis

V (θ, φ)

node bifurcation and from above by a Hamiltonian
Hopf bifurcation, above which bifurcations to yield
period-1 and period-4 limit cycles were discovered.
The basins of attraction of e0 and e1 had also been
investigated across θ0 –φ0 parameter space. Aerodynamic drag was found to play critical roles in the formation of attracting limit cycles and damped convergence towards e0 and e1 , explaining why existing models neglecting drag had not reported such behaviour
[25]. Lastly, a theoretical analogy between the dynamics of the lagging pendulum and that of the triangular
L4 /L5 Lagrange points had been identified, but chaotic
behaviour was not evidenced in the former, contrary to
previous suggestions [25]. The system is a clear demonstration of uncommon Coriolis stabilization phenomena and can be a useful model of orbital mechanics
about Lagrange points [33]; the presented results are
also expected to be relevant to a variety of engineering problems, such as load control and path planning
in crane systems [25], and the engineering of cable or
truss-supported civil structures.
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Fig. 11 Potential landscapes for b = 15 cm,  = 47 cm, g =
9.78 m/s2 , SN = 7.31 rad/s. a  = 5 rad/s < SN b  =
15 rad/s > SN

V (θ, φ) = A−2 B(1 − cos θ )

1
1 + A−2 sin2 θ + 2 A−1 sin θ cos φ ,
−
2
(B1)
where A and B are defined in Eq. (3), and negligible
drag has been assumed. The potential landscapes of the
system are shown in Fig. 11, plotted for  < SN and
 > SN , respectively. The three dynamic equilibria are, if present, aligned on the φ = 0 plane. When
 < SN , it is clear that there exists no equilibria for
θ ∈ (−π/2, 0). On the other hand, when  > SN ,
we observe the formation of the two discrete equilibria
e1 and e2 . In particular, note that e0 is always within
a potential well, consistent with its apparent stability
observed in experiments. Similarly, e2 is located on a
potential saddle, corroborating its instability in experiments. However, e1 is located atop a potential hill, contradictory to its stability in experiments. This suggests
that the stability of e1 cannot be attributed to conservative forces.

Appendix C: Drag characterization
Figure 12 illustrates the stationary ( = 0) decay envelope of the system perturbed from equilibrium in the
x–z plane. Numerical nonlinear regression of Eq. (5)
against the experimentally measured decay envelope
allows the determination of appropriate values for the
drag coefficients μ1 and μ2 , which are then consistently
used throughout this paper.

The stability of the various dynamic equilibria can
alternatively be analysed by examining the dimensionless potential of the system, given by
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where the terms J24 and J42 in Eq. (7), as well as the
± 2 terms in Eq. (D1), are the Coriolis terms. It is
immediately apparent that the two systems share fundamental similarities. Indeed, dynamics in the vicinity
of the L4 /L5 Lagrange points are Coriolis-stabilized
and also undergo a Hamiltonian Hopf bifurcation when
the
√ mass ratio parameter exceeds m 2 /m 1 > 2/(25 +
3 69) [34,35].

t (s)
Fig. 12 Stationary decay envelope for m = 19 g,  = 4 cm,
μ1 = κ · 1.52 mg/s and μ2 = κ · 4.56 mg/m, where κ = 200.
Experiment error bars are too small to be visible

Appendix D: L4 /L5 Lagrange points
Figure 13 illustrates the potential landscape due to gravitational and centrifugal forces in the rotating frame of
two masses orbiting about their barycenter; the L1 –L5
Lagrange points are the five equilibrium positions.
A comparison can be made between the linearized
equations of motion of the lagging pendulum, as
expressed in Eq. (7), and that of objects in the neighbourhood of the L4 /L5 Lagrange points:
⎛ ⎞ ⎡
⎤ ⎛ ⎞
0
1
0 0
x
ẋ
⎜ẍ ⎟ ⎢ 3  0 η2 2⎥ ⎜ẋ ⎟
⎜ ⎟=⎢4
⎥ × ⎜ ⎟;
⎝ ẏ ⎠ ⎣ 0
0
0 1 ⎦ ⎝y⎠
ẏ
ÿ
η2 −2 49 η2 0
√
3 3 m1 − m2
η=
·
,
4
m1 + m2

(D1)

L4

L3
L5

L1

L2

Fig. 13 Potential landscape of a two-body celestial system in
the rotating frame. The L1 –L3 Lagrange points are located on
potential saddles, while the L4 /L5 Lagrange points are located
on Coriolis-stabilized hills
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